Fractional Integro -
Differentiation As Case of Fox

H - transform

Oleg Marichev & Paco Jain, Wolfram Research
11:00-12:00 WeP2L Plenary ICFDA 2024

Abstract

For many years, Oleg has worked with the Meijer G and Fox H functions and has
helped to build the largest collection of their particular cases, wherein one can find
about 150 named functions and their combinations. Recently, in collaboration with
Paco, he has implemented his results in the Wolfram Function Repository with the
four functions MeijerGForm, FoxHForm, GenericlntegralTransform, and
FractionalOrderD, and has made corresponding talks at the Wolfram's annual
Technology Conference. In this talk, we will describe the structure of majority of
the one-dimensional integral transforms (including Riemann - Liouville fractional
integro - differentiation as case) in terms of Mellin - Barnes integrals containing Fox
H functions in the kernel.
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It is section from "Overview of fractional calculus and its computer implementation in
Wolfram Mathematica" by O.1. Marichev, E. L. Shishkina

Definition

We describe the Riemann-Liouville integro-diffirentiation of an arbitrary function
to arbitrary symbolic order a in the Wolfram Language. Using techniques described
below, this operation, hereafter referred to as "fractional differentiation"”, has been
published in the Wolfram Function Repository as
ResourceFunction["FractionalOrderD"]. Defined via an integral transform, fractional
differentiation is an analytic function of a which coincides with the usual a-th order
derivative when a is a positive integer and with repeated indefinite integration for
negative integer a.

We will use notation DI[f (z)] for Riemann - Liouville integro - diffirentiation for all
a e C.

Definition. By definition of DI[f (z)] we put

Dg[f[Z] ] ==
[ f[Z] a ==
flo) [z] aeZ&&a>0
Jodt... [idt [ofit] dt aeZ&&a<0
0 0 0
-a times
1 1 D[IZ flt] dt {Z n}] “==1+F|00r[Re[a]]&&Re[a]>o
Gammal[n-a] 0 (Z—t)“'"*l ’ ’
1 z  f[t]
Gammal[-a] 0 (Z—t)‘”’l Re[a] <0
L[ U gt z] Re[a] ==0&&Im[a] #0
L Gamma[l-a] 0 (z-t)¢ ’

where in the case of divergent integral we use Hadamard finite part. Such integro-
differentiation is called Riemann-Liouville-Hadamard derivative.

Above we separated cases of symbolic positive integer n-th order derivatives from
generic result integro - differentiation of fractional order. In particular for
a=-1, -2, ...we have equality

1 flt
f . cﬂt::fd/t...faﬂtff[t]aﬂt
Gamma[-a] Jo (z-t)e*! 0 0 0

-a times

So we can combine the third and fifth formulas. Function FractionalOrderD realized
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regularized Riemann - Liouville integro - diffirentiation. That means if any of the above
integrals diverges we use Hadamard regularization of this integral.

Some examples

Let us consider how the function FractionalOrderD acts to simple functions. For
example, ResourceFunction[ "FractionalOrderD'] [x%, {x, a} ] gives

In[«]:=
ResourceFunction[ "FractionalOrderD'] [x?, {x, a} ]

Out[«]=
2X2—a

Gamma[3-a]
Inf-]:=
ResourceFunction["FractionalOrderD'] [Sin[z], {z, a} ] / | Simplify
out[-]=
Sin[z+"—2“] aeZ&8&az0
{ 2-1+a |5 7l-a HypergeometricPFQRegularize<{ {1}, {1- %, 3;2“ 1, —272] True

If we put @ = 3in previous result we obtain - cos (2).
For other example when f (z) = ¢’ and a = -3 we have the following relations
(from the lines 3 and 5 of above formula):

g 1 flt]
DFIFL2]] == f dt ==
0 (

Gammal[3] z-t) 73+

2

2 4
Jq(f3(fthdtl)(ﬂtz)dt:;::ez———Z—l

o\Jo \Jo 2

Above value also follows from evaluation FractionalOrderD:

ResourceFunction["FractionalOrderD'] [e?, {z, =3} ] / | FunctionExpand/ / Simplify

Out[«]=

ResourceFunction["FractionalOrderD'] [f[z], {z,a}] == DZ[f[z]]
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Inthe casesf(z) = eand a = -1/2 or a =1/2 we come to the following results

t
1);112[ez] == - f ° dt ==eZErf['\/;]

Gamma[%] 0 (z-t)1/2

1 e z
@ilz[ez] ==z —— D —_—dt,z|==
Gamma[i] [J: (z-t)t/2 ] '\In

where erf (2) is the integral of the Gaussian distribution, defined by the formula
erf(z) = % Jge‘tz dt. These results we can also get using FractionalOrderD:

In[«]:=

11
ResourceFunction[ "FractionalOrderD'] [e?, {z, Z}] & I@{——, —} 11
2 2
FunctionExpand/ / Simplify

Oout[]=

{ez Erf[«/;], +eZErf[«/;]}

T \Z

Currently operator FractionalOrderD was tested with more than 100000 examples
of functions, which includes practically all well known named analytical elementary and
special functions and their compositions. These functions can be divide on the following
groups: the “simplest” mathematical functions, involving only one or two letters
%, «/;, z°, a%, €%, 7%; the “named functions” with head - titles like log:
log (2), cos (2), J,(2), I,(b); the “composed functions” \/?, (z%?, a%, sin"}(2%) ; the
abstract generic functions f (2), f(2)9?, f(g(z)) and others. If we apply usual
differentiation or indefinite integration, we find that not each integral and even
derivative can be evaluated in existing computer systems. For listed above 14 first
functions we do not get values in Mathematica for below three cases:

dl1.(b)
{ - ,fzzdz, flz(b)dz}
0z

For other mathematical functions we get the following values of derivatives and

indefinite integrals, including elementary and special functions
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In[«]:=
{Inactive[D] [#,2] ==D[#,2]} & | @
1 C
{—, '\/;,zb, a%, %, 7%, Log[z],Cos[z],BesselJ[v,z], '\lzz , (22)°, a? ,ArcSin[z3]}

z

Out[e]=

{{ow; =g {oe = 2 o o), ot st Logtan),
z

VA
1
(0,67 == 67}, { Zzzzzzz(1+Log[Z])},{ Log[z] == } {0,Cos[z] == -Sin[z]},

VA
z

(BesselJ[—1+v,z]—BesselJ[l+v,z])},{ Z«/?:: },

1/?

C C 3
{ Z(za‘)b==abz‘l+‘3‘(za‘)‘“b},{ ,af == a? cz‘“CLog[a]},{ ,ArcSin[Z2’] == z }}
1-2°

{ ,Besseld[v, z] ==

NI

In[e]:=
{Inactive[Integrate] [ #7,z] == Integrate[ #,z] } & I @
1 C
{—, '\/;, z°, a%, e?,7%,Log[z],Cos[z],Bessel[v,z], '\lzz , (22)°, a? ,ArcSin[z3]}
z

Out[e]=

1+b

R )

{ a‘dz== Loga[a]}’{ e’ z::ez},{ 2dz== J’zzd/z},

{Log[z] z::-z+zLog[z]},{ Cos|[z] z::Sin[Z]},{ BesselJ[v,z] dz==

l+v

l1+v 3+v 72
] HypergeometrlcPFQRegulamzen{{ }, {1 +V, }, -— },

{ 2 dye ‘/—}{( 2y Z:Z(Za)b}’

l+ab

2LV gy Gamma[

zGamma[+, -z¢Log[a]] (-z°Log[a]) %/

C c’
{ aZ Z === },
C

3
{ ArcSin[z*] dz==zArcSin[Z’] - - z HypergeometncZFl[—
4

=

New operation FractionalOrderD evaluates repeatable a- integer order derivatives and

(.h)lN
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indefinite integrals and extends results for arbitrary complex or real order a. For
instance, we can get the following results for mentioned 14 functions:

-a

az
Di[a] ==
Gamma|[l - a]
1 (=1)%z '-%pPochhammer[1, a] aeZ&&-1<a
thx[;] == z1-® (~EulerGamma+Log[z]-PolyGamma|[0,-a]) True
Gamma[-a]
D;’[zb] ==
(-=1)%zP-2 pochhammer[-b, a] aeZ&&beZ&&b<08&&b<a
(=1)~1*b z5-@ (1 og[z] +PolyGamma[0,-b]-PolyGamma[0,1+b-a])
(=1-b)! Gamma[l+b-a] bez&&b<0
zP~* Gamma[1l+b]
Gamma[l+b-a] True
Df[az ==
a’Loglal“” aeZ&&az=0
a’ (1 - GammaRegularized[-a,zLlog[a]]) Log[a]“® aeZ&&a<0
a’z™% (1 - GammaRegularized[-a,zLlog[a]]) (zLog[a])® True
e’ aeZ&&az20
De el == { ©, .
e’ (1 - GammaRegularized[-a,z]) True
D7 [Besseld[v,z] ] ==
) 1+v 2+v
2974V '\lrr z7" Gammal[l+v] HypergeometricPFQRegularizec{{ , }
2 2

1 1 2
{— (1-a+v), - (2-a+v),1+v},——] (*after FullSimplifyx)
2 2 4

D2 {2 | == {2

Gamma[2-a]

(-1)%*Pochhammer[-ab, a] aeZ&&ab e
((-1)7'*2P (Log[z] + PolyGamma[0,-ab] - abezZ&&ab:
Dg[(za)b]nz—a (22)° PolyGamma[0,1+ab-al))/

((=1-ab) ! Gamma[l+ab-a])
Gammal[l+ab]
Gamma[l+ab-a]

True
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In[«]:=

Df[Arcsin[z*]] ==

Svo 5123 1125 74
2% . 372t gl 2 HypergeometricPFQRegularizec[{—, - =, =,1,-, —},
2 2 3 6 6 3
2 a5 a a7l a4 a3 «a 6
{———,———,1——,———,———,———},2] (*after FullSimplifyx)
3 6 6 6 6 6 6 3 6 2 6

We see that some from these 14 functions are the compositions of other functions.
By this reason it is important to collect list of named not composed functions with their
integro-derivatives and generic rules for integro-differentiation, which will allow
operate with this collection. We have made such collection with 465 functions and call it
Alphabet465 and generic 24 rules (see below GenList24):

Alphabet465 = {az, e, z,2° AiryAi[z], AiryAiPrime[z], AiryBi[z],

AiryBiPrime[z], AlternatingFactorial[z],AngerJ[a,z],AngerJ[z,a],
AngerJ[a,b,z],AngerJ[a,z,b],AngerJ[z,a,b],AppellFl[a,bl, b2 c,x,z],
AppellF1[a,bl,b2,c,z,y],AppellFl[a,bl, b2,z ,x,y], AppellFl[a,bl,z, d,x,y],
AppellFl[a,z,c,d,x,y],AppellF1[z,bl,b2,d,x,y],ArcCos[z],ArcCosh[z],
ArcCot[z],ArcCoth[z],ArcCsc[z],ArcCsch[z],ArcSec|[z],ArcSech[z],
ArcSin[z],ArcSinh[z],ArcTan|[z],ArcTan[a,z],ArcTan[z,a],ArcTanh[z],
ArithmeticGeometricMean[a, z], ArithmeticGeometricMean[b, z],
BarnesG|[z],BellB[v,z],BernoulliB[a,z], Bessell[a, z], Bessell[z,a],
BesselJ[a,z],BesselJ[z,a],BesselK[a,z],BesselK[z,a], BesselY[a,z],
BesselY[z,a],Beta[a,z],Beta[z,b],Beta[a,b,z],Betaa,z,c],
Beta[z,a,b],Beta[a,b,c,z],Beta[a,b,z,d],Betac,z,a,b],

Beta[z,c,a,b], BetaRegularized[a, b,z ], BetaRegularized[a, z,c],
BetaRegularized[z, a, b ], BetaRegularized[a, b, c,z], BetaRegularized[a,b,z,d],
BetaRegularized[c,z,a,b], BetaRegularized[z,c,a,b], Binomial[a, z],
Binomial[z,b], CarlsonRC[x, z1], CarlsonRC[z,y ], CarlsonRD[x,y,z1],
CarlsonRD[x, z1,a], CarlsonRD[y, z1,a], CarlsonRE[x, z1], CarlsonRE[y, z],
CarlsonRF[a, x,z1], CarlsonRF[a,y, z], CarlsonRF[x,y,z1], CarlsonRG|[a, x, z1],
CarlsonRG[a,y,z], CarlsonRG[x,y, z1], CarlsonRJ[a, x,y,z1],

CarlsonRJ[a, x,z1,b], CarlsonRJ[a,y,z,b], CarlsonRJ[Xx,y,z1,b],
CarlsonRK[x, z1], CarlsonRK][y,z], CarlsonRM[x,y, z1], CarlsonRM[x,z1,a],
CarlsonRM|[y, z,a], CatalanNumber[z], ChebyshevT[a, z],

ChebyshevT[z,b], ChebyshevU[a, z], ChebyshevU[z,b],Cos[z],Cosh[z],
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Coshintegral[z], Cosintegral[z],Cot[z],Coth[z], CoulombF[a,b,z],
CoulombGJ[a,b,z], CoulombH1[a,b,z], CoulombH2[a,b,z],Csc[z],
Csch[z],DawsonF[z], EllipticE[z], EllipticE[a, z], EllipticE[z,b],
EllipticF[a, z], EllipticF[z,b], EllipticK[z], EllipticNomeQ[z],
EllipticPi[a, z], EllipticPi[z,b], EllipticPi[a, b, z], EllipticPi[a,z,b],
EllipticPi[z, b, c], EllipticTheta[2, z], EllipticTheta[3, z], EllipticTheta[4,z],
EllipticTheta[1,z,a], EllipticTheta[1, v, z], EllipticTheta[2,z,a],
EllipticTheta[2, v, z], EllipticTheta[3,z,a], EllipticTheta[3,v,z],
EllipticTheta[4,z,a], EllipticTheta[4, v, z], EllipticThetaPrime[1,z],
EllipticThetaPrime[1, z, a], EllipticThetaPrime[1,v,z],
EllipticThetaPrime[2,z,a], EllipticThetaPrime[2,v,z],
EllipticThetaPrime[3,z,a], EllipticThetaPrime[3,v,z],
EllipticThetaPrime[4,z,a], EllipticThetaPrime[4,v,z],Erf[z],
Erf[a,z],Erf[z,b],Erfc[z],Erfi[z],EulerE[n,z], ExplntegralE[a,z],
ExplintegralE[z,b], ExplntegralEi[z],z!,z! !, FactorialPower[a,z],
FactorialPower[z,b ], FactorialPower[a, b, z], FactorialPower[a, z,c],
FactorialPower|[z, b, c], Fibonacci[z], Fibonacci[a, z], Fibonacci[z,b],
FoxH[ {{{aj, a1}, {az, a1} }, {{as,as}}}, {{{by,B1}}, {{by, B2} }} 2],
FoxH[ {Table[ {aj,a;}, {i,1,n}],Table[ {a;,a;}, {i,1+n,p} ]},
{Table[ {b;, Bi}, {i,1,m} ], Table[ {b;, Bi}, {i,1+m,q}]},z],
FresnelC[z], FresnelF[z], FresnelG[z], FresnelS[z],Gamma|[z],
Gammala,z],Gamma[z,a],Gammala,b,z],Gammala,z,b],
Gamma|z, b,c], GammaRegularized[a, z], GammaRegularized[z,b],
GammaRegularized[a, b, z], GammaRegularized[a,z,b],
GammaRegularized[z, b, c], GegenbauerC[a, b, z], GegenbauerC[a,z,b],
GegenbauerC[z,a,b], Gudermannian[z], HankelH1[a,z],
HankelH1[z,a], HankelH2[a, z],HankelH2[z,a], HarmonicNumber[z],
HarmonicNumber[a, z], HarmonicNumber[z,a], Haversine[z],HermiteH[a, z],
HermiteH[z,a],HeunB[q,a,y, 6, €,z],HeunBPrime[q,a,y,0,€,2],
HeunC[q,a,y,6,€,z],HeunCPrime[q,a,y,06,€,2],
HeunD[q,a,y,8,€,z],HeunDPrime[q,a,y,06,€,2],
HeunGla,q,a,B,y,6,z],HeunGPrime[a,q,a,B,y,06,z],
HeunT[q,a,y,6,€,z],HeunTPrime[q,a,y,6,€,2z],
HurwitzLerchPhi[a, b, z], HurwitzLerchPhi[a, z, b ], HurwitzLerchPhi[z,a,b],

HurwitzLerchPhi[z, b, c], HurwitzZeta[a, z], HurwitzZeta[z,a],
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Hyperfactorial[z], HypergeometricOF1[a, z], HypergeometricOF1[z,a],
HypergeometricOF1Regularized a, z], HypergeometricOF1Regularized z,a ],
HypergeometriclFl[a,b,z], HypergeometriclFl[a,z,b],
HypergeometriclF1l[z, b, c], HypergeometriclF1Regularized a, b, z],
HypergeometriclF1Regularized a,z,b ], HypergeometriclF1Regularized z, b, c],
Hypergeometric2F1[a, b, c,z], Hypergeometric2F1[a, b, z,c],
Hypergeometric2F1[a, z, b, c], Hypergeometric2F1Regularized a, b, c,z],
Hypergeometric2F1Regularized a, b, z,c],
Hypergeometric2F1Regularized a, z, b, c], HypergeometricPFQ[ { },
{by,by,b3,bs},z], HypergeometricPFQ[ {a;,a,}, {b;,by,b3},2],
HypergeometricPFQ[Table[ay, {k,1,p} ], Table[by, {k,1,q}1,z],
HypergeometricPFQRegularized {a;}, {b;, by, b3},2z],
HypergeometricPFQRegularized Table[a,, {k,1,p} ], Table[by, {k,1,q}1,z],
HypergeometricU[a, b, z], HypergeometricU[a, z, b ], HypergeometricU[z,a,b],
InverseBetaRegularized[z,a,b ], InverseBetaRegularized[x,z,a,b],
InverseEllipticNomeQ[z], InverseErf[z], InverseErf[x, z], InverseErfc[z],
InverseGammaRegularized/a, z], InverseGammaRegularized/a, x, z],
InverseGudermannian[z], InverseHaversine[z],
InverseJacobiCD[a, z], InverseJacobiCD[z, m], InverseJacobiCN[a, z],
InverseJacobiCN[z, m], InverseJacobiCS[a, z], InverseJacobiCS[z, m],
InverseJacobiDC[a, z], InverseJacobiDC[z, m], InverseJacobiDN[a, z],
InverseJacobiDN[z, m], InverseJacobiDS[a, z], InverseJacobiDS[z, m],
InverseJacobiNC[a, z], InverseJacobiNC[z, m], InverseJacobiND[a, z],
InverseJacobiND[z, m], InverseJacobiNS[a, z], InverseJacobiNS[z, m],
InverseJacobiSC[a, z], InverseJacobiSC[z, m], InverseJacobiSD[a, z],
InverseJacobiSD[z, m], InverseJacobiSN[a, z], InverseJacobiSN[z, m],
InverseWeierstrassP[z, {g2,g3} ], JacobiAmplitude[z, m], JacobiCD[z, m],
JacobiCN[z, m],JacobiCS[z, m], JacobiDC[z, m], JacobiDN[z,m],
JacobiDS[z, m], JacobiEpsilon[z,b ], JacobiNC[z, m], JacobiND[z, m],
JacobiNS[z, m],JacobiP[a,b,c,z],JacobiP[a, b, z,c],JacobiP[a,z,b,c],
JacobiP[z,a,b,c],JacobiSC[z, m],JacobiSD[z, m], JacobiSN[z,m],
JacobiZeta[a, z],JacobiZeta[z,b], JacobiZN[z,b], KelvinBei[0, 2],
KelvinBei[a, z], KelvinBei[z,a], KelvinBer[0, z], KelvinBer[a, z],
KelvinBer[z,a], KelvinKei[0, z], KelvinKei[a, z], KelvinKer[0, z],

KelvinKer[a, z], KleinlnvariantJ[z], LaguerreL[a,z], LaguerreL[z,a],
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LaguerreL[a,b,z], LaguerreL[a,z,b], LaguerreL[z,a,b],LameC[v,j,z,m],
LameCPrime[v,j,z, m],LameS[v,j,z, m],LameSPrime[v,j,z,m],
LegendreP[z,a], LegendreP[v,z],LegendreP[a,b,z], LegendreP[a,z,b],
LegendreP[z,a,b], LegendreP[a,b,2,z],LegendreP[a,b,3,z],
LegendreP[a,z,2,b], LegendreP[a,z,3,b], LegendreP[z,a,2,b],
LegendreP[z,a,3,b],LegendreQ[z,a], LegendreQ[v,z], LegendreQ[a,b,z],
LegendreQ[a,z,b], LegendreQ[z,a,b],LegendreQ[a,b,2,z],
LegendreQ[a,b,3,z],LegendreQ[a,z,2,b],LegendreQ[a,z,3,b],
LegendreQ[z,a,2,b], LegendreQ[z,a,3,b], LerchPhi[a,b,z],

Log[a]
LerchPhi[a,z,b], LerchPhi[z,a,b], LerchPhi[z,b,c],

,Loglz],
Log[z]

LogBarnesG[z],LogGamma|[z], Logintegral[z], LogisticSigmoid[z],
LucasL[z], LucasL[a,z],LucasL[z,b], MarcumQ[a,b,z],MarcumQ[a,zc],
MarcumQ[a, b,c,z], MarcumQ[a, b,z,d],MarcumQ[a,z,c,d],

MathieuC[a, q,z], MathieuCPrime[a, q,z], MathieuS[a, q,z],
MathieuSPrime[a, q,z], MeijerG[ { {a;}, {a;} }, {{by, by}, {b3}},2],
MeijerG[ {{a1}, {az, a3} }, {{b1, by}, {b3}}, 2],

MeijerG[ { {a1}, {@3,a3,a5,a5} }, { {b1, by}, {b3, bs, b5} },2],

MeijerG[ {Table[a;, {i,1,n} ], Table[an,j, {j,1,-n+p} ]},

{Table[by, {k,1,m} ], Table[by,, {L1,-m+q}]},zr],
MittaglLefflerE[a, z], MittagLefflerE[z, b ], MittagLefflerE[a,b,z],
MittagLefflerE[a, z, b ], MittagLefflerE[z,a,b ], ModularLambda[z],
Multinomial[a, b, z], Multinomial[a, b, c,z], NevilleThetaC[z,b],
NevilleThetaD[z,b ], NevilleThetaN[z,b], NevilleThetaS[z,b],
NorlundB[v,z], NorlundB[v,z,b], NorlundB[v,y,z],OwenT[a,z],
OwenT|[z,a], ParabolicCylinderD[a, z], ParabolicCylinderD[z,a],
Pochhammer[a, z], Pochhammer[z,b], PolyGamma[0,z],
PolyGammala, z], PolyLog[2,z], PolyLog[a,z], PolyLog[z,a],
PolyLog[2,b,z], PolyLog[a,b,z], PolyLog[z,a,b], ProductLog|[z],
ProductLog[a, z], ProductLog[k, z], QFactorial[z,b],QGamma|z,b],
QHypergeometricPFQ[ {ai, ...,a;}, {b1,....bs},q,z], QPochhammer[z,b],
QPochhammer[z,z], QPolyGamma|[0,z,a], QPolyGammala,z,a],
QPolyGammala, z,c], RamanujanTaulL[z], RamanujanTauTheta[z],
RamanujanTauZ[z], RiemannSiegelTheta[z], RiemannSiegelZ[z], ScorerGi[z],

ScorerGiPrime[z], ScorerHi[z], ScorerHiPrime[z],Sec[z],Sech[z],Sin[z],
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Sinc[z],Sinh[z], SinhIntegral[z], SinIntegral[z], SphericalBesselJ[a, z],
SphericalBesselJ[z,a], SphericalBesselY[a, z], SphericalHankelH1[a, z],
SphericalHankelH1[z,a ], SphericalHankelH2[a, z], SphericalHankelH2[z, a],
SphericalHarmonicY[a, b, c,z], SphericalHarmonicY[a, b, z, c],
SphericalHarmonicY[a, b, z,d ], SpheroidalPS[v, u,y,z],

SpheroidalPS[v, u,2,y,z], SpheroidalPSPrime[v, u,y,z],
SpheroidalPSPrime[v, y,2,y,z],SpheroidalQS[v, u,y,z],
SpheroidalQS[v, u,2,y,z], SpheroidalQSPrime[v, u,y,z],
SpheroidalQSPrime[v, u,2,y,z],StruveH[z,a], StruveH[v, z],

StruvelL[z,a], StruvelL[v,z], Subfactorialz], Yz, ¥z, Yz ,

Tan[z],Tanh[z],WeberE[z,a],WeberE[v,z],WeberE[a,z,b],

WeberE[z,a,b],WeberE[v, a, z], WhittakerM[a, b,z], WhittakerM[a, z,b],

WhittakerM[z, a, b], WhittakerW[a, b, z], WhittakerW[a,z,b],

WhittakerW[z,a,b ], ZernikeR[a,b,z],Zeta[z],Zeta[a,z],Zeta[z,b],
[z], [z], [z], [a,z],

[z,a], [a,z], [z,a], [a,z],

[z,a],log[a,z],log [z al, [z],Log2[z], [z]};

{#, ResourceFunction[ "FractionalOrderD'] [#Z, {z,a} ]} & | @
Table[ Alphabet465/kk], {kk,1,8}] / / Quiet / / TableForm
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Out[<]//TableForm=

a’lLogl[al]” aezZ&&az
a‘ a’ (1 - GammaRegularized[-a, zLog[a] ]) Log[a]“ aeZ&&a-<
a*z™® (1 - GammaRegularized[-a,zLog[a]]) (zLog[a])® True
o {ez aeZ&&az0
e* (1 - GammaRegularized[-a, z]) True

1

'z e

2 Gamma[;—a]

[ (-1)%Zz°*Pochhammer[-b, a] aeZ&&bezZ&&b<0¢
(-1) 1P z5-% (Log[z] +PolyGamma[0,-b] -PolyGamma[0,1+b-a])
z° (-1-b) ! Gamma[l+b-a] bez&&b<0
z°~% Gamma[1l+b]
L Gamma[l+b-a] True
4
3737 z¢@
(32’3 Gamma[ ] HypergeometrlcPFQRegularlzec[ § , {1;3“, 2;3“, 1- g}
AiryAi[z
yAllz] zGamma[g] HypergeometrlcPFQRegularlze({ g , {2;3“, 1- %, 4;3“}

30 wegercl ({52 -2 O 2 -S04 A} 4]
2

8
373%% za (3 31’3Gamma[—§]

HypergeometricPFQRegularizec[ 3, 1), {=2, 221 - s 3] +
AiryAiPrime[z]

zzGamma[é] ypergeometrlcPFQRegularlze({ g {1—%,4;3“,5;3“
_ 3 e[ ({5150 ) O M-S 032N 5 2]
27T
5
37 z@
(32’3Gamma[ ]HypergeometrlcPFQRegularlzec[ i, , IT 243“,1—%}
AiryBi[z] zGamma[g]HypergeometricPFQRegularlz ({ g, , ZT 1—%,4;3“}
2 (-1+2a) - - 1 2-
2+ 3% @ rrMeUerG[{{ = —5},{5 (1—2a),T°‘}},

1l-a
3’ 3
1- 1 2 1

U5 -5h {0555 ¢
Bia__q 1/3 2

3762 (9 3 Gamma[g]

HypergeometricPFQRegularizec[ 3, 1}, {l;;’, 2;3“, 1- g}, %3] +

AiryBiPrime[z] zzGamma[é]HypergeometrlcPFQRegularlze({ g {1—%,4;3“,5;3“
1
Z (1+2a) .. = 1-
-2« 35 (1r2a nMeljerG[ T,—g} {—( 1-2a),5%}},

({55 -2h {054 (-2} 50 4]

Itis interesting to compare Mathematica operations FractionalOrderD, D and
Integrate looking what they are doing with simple function z72
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In[«]:=

1 1 40320
D[—, {z,7} ] == ResourceFunction[ "FractionalOrderD"] [—, {z,7} ] == -
z? z? z°
Out[«]=
True

Asymptotics of Gammalz] < z“*b* z°

Asymptotic of Gamma(z] at

In[«]:=
Asymptotic[Gamma|[z], z-» ComplexInfinity] / / Simplify

Out[«]=
1 1
e 22wzt Arg[z] <7
1 1
e’ 4/1; (-z) 2" Csc[mrz] True

1
1/’—2‘ e % (-z)"2Csc[mz] Arg[z]==m
1
'\lZn e *z'"2 True

Abs[Gamma[x+ i y] ] « '\lZn Abs[y]"‘i @2 Abslyl /s

(Abs[y] » o) AXx € RealsAy € Reals

Gamma|[z] « I; (Abs[z] » =)

Gammal[z+a] b (a=b) (a+b=-1) 1
o« 22" (1+ +O[—])/;
2z z?

Abs[Arg[z+a]] <7tA (Abs[z] 5 )

Gamma([z+b]

m
HGamma[bj+ﬁjz] «CGamma[B+Bz] w? /;

j=1
1-m m
Abs[Arg[bj+ B;z]] < 7TA (Abs[z] 5 o) AB== +) biA
2 :
j=1

]?-Zl'llbj

m “ZLA m mo1 M -~ m
gp,-] 18" ac== (2n)7]'1[ﬁ}” “2(23,-
j= j= j=

j=1
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n
HGamma[l—ai-aiz] «Gammal[l-A-Az]w’/;
i=1

1-n n

+Zai/\

i=1

A==Za Aw==(za) laIHaF“iAC 2 [ﬂ“ )[1 i)E—zzzlai

(T2, Gammal[b; + B;z] ) TT.; Gamma[l -a;-a;z] Z°*

Abs[Arg[l-a;-a;z]] <7A (Abs[z] 2 o) AA==
2

x

(M-n.1Gammala; + a;z]) Ly, Gamma[1l-b; - B;z]
Gamma|[B; +B;z] Gamma[l-A; -A;z]

C W2/,
Gamma[A, +A,z] Gamma[l-B,-B,z]

l-m @ m 1
+ ij AB; == ZBJ AA; ==
j=1 j=1

(Abs[z] 2 o) AB; ==

1- p+n

n -
A1==ZaiAA2-- ZaAAz--Za/\Bz--T+ Zb,—/\
i=1 i=n+1 i=n+1 j=m+1
: (304 B)) %P (Semes By) 5P Ty @
BZ== Z ﬁj/\W== = ' ZA
jem+1 (2, @) Zae (X @)™ n?:l B;*
+n-Pxd bj-1/
c (27T)mn (2’1a)22na(2m131) zmbﬂ?lﬂ 1
== P 4 »
(ﬁ=n+1ai) > Zp=n+1a| (ZCI m+1BJ) qu+1b; 'l-l'p 1 a. -1/2
M_,Gamma[a, z+ay] pea k=1azk_3 Mo, al?
x (277) 2
.16 b bi-3 k2
Mi=1Gammal[ By z + by ] ., B: .. Bf

{ 2% K==0 /
Abs[k]12***"® Gamma[k z + UnitStep[k ] - Sign[k] 8] ~5®8"[*] Trye

q P P p+1
K==Zﬁk—zak =Z Zbk+ Aag>0A

k=1 k=1 k=1

Bck>0A-mt<Arg[z] <7mtA (Abs[z] 9 )

Asymptotic of Gamma(z] at poles z==0,-1,-2,... and at regular points z==
1,2,...
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(-1)"
Gamma[z] « —— (1+0[z+n]) /; (z- -n) An elIntegersAnz=0
n! (z+n)
(-1)" (=1)"PolyGamma[n+1]
Gamma|(z] « + +0[z+n] /;
n! (z+n) n!

(z->-n) An elntegershAnz=0

(-1)"
Gamma[-n+ €] «

(1+0[€]) /;nelntegersAnz=0
n!e

(-1)"
Gamma[-n+ €] «

(1+PolyGammaln+1] € +0[€?]) /;n e IntegersAn 20
n!e

k . . .
Floorl3] (~1)i*n 2 (1 - 22/1) 2/ BernoulliB[2]]

Gamma[-n+ €] ==Z

k=0| j=0 (2j) !
KroneckerDelta[k -=2j] UnitStep[k-2j-1]
+ Belly|
n! (k=2j) !'n!

Table[ (-1)' {i!,1, -PolyGamma[i-1,n+1]}, {i,k-2j}]]|| "“*

Gamma[z+ €] «x Gamma[z] (1+0[e€]) /;Not[z e IntegersAz=<0]
Gamma[z+ €] « Gamma([z] (1+ PolyGamma([z] € +0[€e?]) /;Not[z e Integersnz<0]

= Gamma'*) [z] ’
Gamma[z+ €] ==Gamma|z] € /;Not[z eIntegersAhz<0]
koo Gamma|[z] k!

Some important integrals including Gamma

Gamma/[z] == rtz'l e 'dt/;Re[z] >0
0

1 1
== Contourlntegrate[t'Z e, {t, L}] (* (Hankel's contourintegral.)
Gamma|z] 2

The path of integration/ startsat-oo—i 0on the real axis,goesto-€-1i 0,
circlesthe originin the counterclockwisedirectionwith radiuseto the point-e+1i 0,

and returnsto the point—co+i 0.%)
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(-t)*

Gamma/(z] == J:(e‘t—i T

k=0

t?1dt /;n elIntegersAn20A-n-1<Re[z] <-n

= (-1)F
Gamma/(z] == rtz'l e 'dt+ Z— /;Not[z e IntegersAz<0]
1 SKt (z+kK)

rts'le'tdlt:Gamma[s] /;Re[s] >0
0

1 Gamma/|s]
fts'l (1-t)Fldt==Beta[s, B] == Gammal[B] /;
0 Gamma([B +s]

Re[s] >0ARe[B] >0

1
rts'l (1+t)°dt==Gamma[s] Gamma[-b-5s] — 89 —— /;
0 Gammal[-b]
Re[s] >0&&Re[s+b] <0
+io Gammala+b] Z?
fv Gammala+t] Gammal[b-t] z'dt==27 17 /;
y-io (1+Z)a+b

-Re[a] <y <Re[b] AAbs[Arg[z]] <
rGamma[it+a] Gamma[B+ i t] Gamma[y -it] Gamma[d - i t] z'dt==

2wz Gammala+y] Gamma[B+y] Gamma[a + 6] Gamma[B + 6]

Gammala+B+y +0]
Hypergeometric2Flla +y,a+6,a+B+y +6,1-2"] /;
Im[fa+y] >0AIM[B+y]>0AIm[a+6] >0AIm[B+6] >0
+i
Jv Gammal[a+t] Gamma[b+t] Gamma[c-t] Gamma[d-t] dt==
y—ﬂoo

Gamma[a+c] Gamma[a+d] Gamma[b+c] Gamma[b+d]
2t i

Gammala+b+c+d]
-Min[Re[a],Re[b]] <y <Min[Re[c],Re[d]]
MNa) M) ...T (an)

MNap+...+a,+1) '

-1 -1 _
JJ XX L X A X d X .. d X, ==

X15X25- -5 Xn>0
X1+Xo+...+Xp<1

Derivatives of Gammal(z]

8,Gamma|z] ==Gamma|[z] PolyGamma(z]
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In[«]:=
FullSimplify[Table[Gamma‘”) [z] ==

{n,

Gamma|z] n ==
Gamma/|z] BellY[Table[ {1, PolyGammal[k,z]}, {k,0,n=1}]1] True’
0.6)]]

Out[-]=
{True, True, True, True, True, True, True}

1 1
0 {z,n)( )== KroneckerDelta[n] + UnitStep[n-1]
Gamma|z] Gammala]

BellY[Table[{ (=) ,Gammala], PolyGammalj - 1,a]}, {J, n}]])

Gammalal]’

(-1)%a! aeZ&&-1<a

-1-
0 7q4;6Gammajz] ==z “ { —EulerGamma+Log[z] -PolyGamma[-a] True +

Gamma[-a]

BellY[Table[ {1, PolyGammal[j-1,11}, {j,1,k} 1]
z

k-a-1

é kGammalk - a]

In[«]:=

Gamma'" [z]
Out[«]=

Gamma'™ [z]

Reflection formula for Gammalz]

T
Gamma|z] ==
Sin[rrz] Gammal[l-z]
T
Gamma([z] Gamma[l-z] == —— [;Not[z € Integers]
Sin[rrz]
T
Gamma([z] Gamma[n -z] == ———— Pochhammer[1-z,n-1]
Sin[rmz]

1 1 T
Gamma[z + - ] Gamma[— - z] == —
2 2 Cos[rrz]
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Multiple arguments for Gammalz]

221—1
Gamma|[2z] ==

1
Gamma|z] Gamma[z + —]
T 2

b+k

1 10 N1
Gamma[nz+b]==n"**""3 (271)2 HGamma[z+

] /; n elntegersAn>0
k=0 n

,Gammal[by + B, z] ., Gamma[l-a, -A,z]

nl‘()=n+1Gamma [ax + Ay Z] rlﬂ=m+lGamma [1- bk - By z]

1
B>z
+ 1 =19
(2 77) man-22 42 (250 B - T A+ D A+ S By) 2T T
1
aj—E
HJP=1AJ'
=1 bi+k =1 1-a;+k
f J J r ] J - B \z
T2 1 M=o Gamma[z+—Bj ] (=1 M=o Gamma[ Y z] 0,87

i-1 aj+k i-1 1-bj+k A;
] J ] ] J
||}c=n+1 k=0 Gamma[z+ - ] ||J-['=m+1 =0 Gamma[ 3 —z] ||}=1AJ-

Aj e IntegersAAj>0Al<j<pABjelintegersAB;j>0Al1l<j<q

Ratio of gamma functions

Gamma([z+1]

==7Z
Gamma|z]
Gamma([z-1] 1
Gamma|z] - z-1

Gamma[z+n]

== Pochhammer[z,n]

Gamma|z]
Gamma[z-n] (=1)"
== /;n elIntegersaAnz0
Gamma|z] Pochhammer[1-2z,n]

FoxH & MeijerG functions
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(ai, ai) 1p G (ai) 1,p
A

HMN 7 G
i | ‘ (bj, Bi) 14 (bj)1q

L j;fj:GAMMAs[s] 5 1ds

27T 1

| &

Definition and asymptotics

Definitions of FoxH and MeijerG functions

Information[FoxH]
Out[«]=

Symbol

FOXH[{{{GI, al}, oY) {a,,, an}}r {{an+ll an+1}l oY) {apr ap}}}l {{{bll ﬁl}l (XXY] {bm, ﬁm}}l {{bm+]r Bm+]}l (XxY] {bql ﬁq

(ay, ap), ..., (ap, ap)

1}, z] is the Fox H-function Hm”(z .
pa (bll Bl)l (XY (bql Bq)

Documentation Web »
Attributes {NumericFunction Protected, ReadProtected}
Full Name System'FoxH

FoxH[ {{{ap, ai},...; {an,a@n}}, {{@ns1; Ans1}, ..., {@8p, @p} } },
{{{by, B}, .., {bm, Bm}}, {{bms1; Bms1}, ..., {bg; Bq}}}, 2] ==
FoxH[ {Table[ {a;,a;}, {i,1,n} ], Table[ {aj,a;}, {i,n+1,p} ]},
{Table[ {b;, Bi}, {i,1,m} ], Table[ {b;, Bi}, {im+1,q}1},2z] ==

1 (M., Gammal[b; + B;s])Tl.;Gamma[l-a; - a;s]
Contourlntegrate[ z
(M.n.1Gammala; + a;is]) Ty, Gammal[l-b; - B;s]

=S

2rti

{s,[.}] /;m e IntegersAm =0A n elntegersAnz=0A

p € IntegersAp=0Aqelintegershq20Am<qAn<pAa;eRealsA
ai>0Al<ispABjeRealsABj>0A1<j<q

z%ds [,

[ (al’ al)» AR (a}b a'n): (al’l+ls an+1)7 AR (ap9 ap) ] 1 (m:l r(b] +ﬁ] S)) m:l F(l - ai - @ S)
H 2 - f
5 L(

(b1, B)s oos By B)s Bty Bus1)s -os (bgs By) ) 270 JL(TN,01 T(@i + 5 ) [Tyt T(1 = b — B 5)
meNAneNApeNAgeNAm=gAn<pAa;eRAa;>0ANl<i<pAB;eRAB;>0Al=<j=<gq
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FoxH [ { { {al’ r}a (X {ana r} }) {{an+1, r}, seey {ap: r} } };
{{{blﬂr}7“'7 {bm;r} }s {{bm+1;r}7---; {bqar} b1, z] ==

1
- MeijerG[ { {al, seey an}7 {an+1) eeey ap} }, { {b1; seey bm }, {bm+1’ seey bq} }, Z,r] ==
r
1 1
- Contourlntegrate[
r2rsri
(T, Gammal[by +s]) Tl.;Gamma[l-a,-5s] s
z7r, {s,[,}] l;r>0
(n'lz=n+1Gamma [ak + S] ) .l-lqli=m+1(':'amma [1 - bk - S]
far, rh ooy (@ 1)y Aaner, 7, oo {ap, r}] 1 ( Aty ooy Any Qs ooy ]
—_— — Gmn 0
‘ {blyr}yn-a{bma r}’ {bm+17r}7""{bq9 V} r bla" bma bm+17~~-sb / e

FOXH[{{{aljl},"-, {an,l} }, {{an+1’1})---; {apyl} } };
{{{by, 1}, ..., {bm, 1} }, {{bms1,1}, ..., {bqyl}}};Z] ==
MeijerG[ { {ala seey an}a {an+1a ceey ap} }a {{bla ceey bm}7 {bm+15 eeey bq} }aZ]

{a19 1}5 IR} {alu 1}9 {an+1» 1}5 [} {apa 1})__ Gmn( A1y ooy Ay Apils ooy ap]
b1, 1}, ey by 1}, (b, 13, ., {bg, 1} b1, .oy by, b1, - by
The infinite contour of integration L separates the poles of I'(1 - ax — a, s)at s = 1’%”,
k
jeN from the poles of I'(b; + B;s) ats = —b—” ,[eN. Such a contour always exists in the

cases Bi(l-ax+j)*-au(b;+1).
There are three possibilities for the contour L :

(i) £ runs from y-i oo to y+i oo (where Im(y) = 0) so that all poles of [(b; + B;s),

m=1, ..., m, are to the left, and all the poles of [ (1 - a; - @;5),i =1, ..., n, to the right, of
L.
(*This contour can be a straight line (y =i o, y +i ) if Re(b;—ay) > -1 (then

b+l

7 <y <1-Re(ay)). (Inthis case the integral convergesifp+qg<2(m+n),

|Arg(2)| <(m +n-E2)

mt.If m +n-£9 =0, then z must be real and positive and
additional condition (g-p) y + Re(u) <0, u== Z;=1b1 Shoyae+ 22 +1, should be

added.)”)

(ii) Lis a left loop, starting and ending at -0 and encircling all poles of

I'(bj +B; s),j: 1, ..., m,once in the positive direction, but none of the poles of
Ml-a;-q;s),i=1, ..,n.

(*(In this case the integral converges if g = 1 and eitherg>porg=pand |z| <lorg=p
and |z| ==1and m +n—p%q >0and Re(u)<0.)*%)

(iii) Lis aright loop, starting and ending at +o and encircling all poles of (1 -a; - q;s),
i=1, .., n,once in the negative direction, but none of the poles of [(b; + §;s),
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j=1, ..., m
(*(In this case the integral converges if p > 1 and eitherp>qgorp=gand |z| >1lorg=p
and |z| ==1and m +n—p—;q >0and Re(u) <0.)*)

mn[ | (al’a)lp ==Hmn ‘ (al,al),--w (aman)’ (a,-,+1,6'(,-,+1),...,(ap,ap) o
P.q p.q
(b, B3)s, (b1, B1) s s (s Bm) s (Brosts Bra1) s s (bgs Bog)
m times ntimes

+ +(bj,ﬁj) —...—(aj,aj)

root (3, a) .= (b Bj)
p-ntimes g-mtimes

FoxH[ {Table[ {aj, a;}, {j,1,n}],Table[ {aj, a;}, {j,n+1,p} ]},
{Table[ {bj, B}, {j,1,m} ], Table[ {b;,B;}, {j,m+1,q}]},z] ==
FoxH[ {{{ai, ai},.... {apn, ay}}, {{ane1, Qnar}, .., {ap, @y}t } },
({400, B1Ys s (D B} 35 {{bmats Bimar }s s {bg; Bg} } },2] ==

1 Mi.iGammal[b; + B;s] TTj.;Gamma[l-a;-a;s]
f x*ds
L11;

27 i j=n+1Gamma[a,-+ajs]]'[7=,,,+lGamma[1—bj—[3/-s]

(aj; aj),
H[x] == Hmn X Plaz
d [ | (bj, Bj)yq" 2mi

M.,Gamma[l-a;+a;s] [Tl Gamma[b; - B;s]

fe[s]xds

0 [s] ==
M-n.1Gammala; - a;s] MLy, Gamma[1l-b; + B;s]
b, +v
S == /;1<sh<sm&&v==0,1,2,...
Bn
aj-n-1
§z=——————— [;1<i<n && Nn==0,1,2,...

a;

Bn (aj=-n-1) xa; (bp+v)

j=1 j=1
MeijerG[ {Table[a;, {j,1,n} ], Table[a;, {j,n+1,p} ]},
{Table[bja {jalam}])Table[bj, {Jam +1,q}1},z] ==
FoxH[ {{a;,...,an}, {an+1,-'-,ap} }s {{bla ooy bm}a {bm+1a ooy bq} },z] ==

1 Mi.iGammal[b; +s] [T;.;Gamma[l-a; - 5]
f x*ds
LT,

27 i —ns1Gammafa; + s] )., Gamma[l-b;-s]

j
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G [X] == Gpm,an[x | EZJ)I’ == Gm ”(Z 1 <2 @ny Ans1s o5 Fp ):: ! =S

bls seey bm’ bm+1, ceey bq

(T2, Gammal[b; +s] )., Gamma[l-a;-s]
Og(s] ==

(njp n+1Gammala; +5])nq m+1Gammafl-b;-s]

Main characteristics of FoxH and MeijerG

A B C D
V== Zaj+ij—ch—Zdj (*Marichevbooks 1978 )
j=1 j=1 j=1 j=1
(aj)1 0 (b5)15 (an), (bg)
GG[z] == GG ’ = GG
(2] == GGcp = | (e ()10 ] @) e

1 f..Gammala; +s] [T., Gammal[b; - s]
f z°ds

21 JL==C ]'|J.C=1Gamma[cj +5s] TI?=1Gamma[dj -s]
m,n (ap) -
Glz] == G|z | by 1=

z7°ds

1 f 2, Gammal(b; +s] [T.;Gamma[l-a; -s]

2 JL==C [=ns1Gammala; +s] ]'I?=m+lGamma[1—bj—s]
. p+q
cC =m+n-
2
Sbi- a2
M == bj_ aj+ +1
=1 =1 2
H'””{ (@i, @), ..., (ap, ap)] 1 f (T T(bj + Bjs)) THo T — a; — a; 5) oy
Z == Zz K
(blaﬁl)s---( sﬂq) 2ri L(]']l-’;n+11"(a,-+a,-s))]T]I-=m+11"(1—bj—ﬁjs)
1 [_,Gamma[b; - B;s] TT1,Gammala; +A;s]
f[Z] == j 2°ds ==
2t i LT, Gammal[d;-D;s] IT.,Gammalc; + C;s]
1 [L,Gamma[b; + B;s] ]'[}';lGamma[aj—Ajs]
f z7%ds |
275ti

ZTfL,Gammal[d; + D;s] T, Gammalc; - C;s]

== {y—-foo,y+ 0o} (xBatemanVol1,49-50page=)
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m n p q
B==) A=) Bi->Ci+>D
j=1 j=1 j=1 j=1
L 2 2 p 2 q
== - [ o PR p—— — d -
A Re[j=zlaJ 2+j=zlJ " j=Zlcj+2 J-=lj+2
m n p q
LRI ISR
j=1 j=1 j=1 j=1
m n p q m n p q
Bateman== {a == ZAJ + ZBJ - ZCJ - ZDJ', B == ZAJ - ZBJ - ZCJ + ZDJ',
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1

A::Re[iaj—m +ibj—2 —iCj+E -idj"'ﬂ],
j=1 2 i=1 2 j=1 2 j=1 2

[_,Gamma[b; +B;s] TT1,Gammala; - A;s]

m n p q
p == .I-l-AjAj ”Bj_Bj ”Cj_cj HDij, - - Z_S}

=1 el j=1 i=1 M,Gammal[d; +D;s] T, Gamma|c; - C;s]
(aj, a;)
Hiz] ==H}"|z | S
bJ’BJ
1 J-=1Gamma[1—aj+atjs]]'|}1;1Gamma[bj—ﬁ1js]
- f 2°ds ==
27t i JL=CTf_ . Gammala; - a;s] Ty, Gammall-b; + B;s]

1 f Mi,Gammal[b; + B;s] .;Gamma[l-a;-a;s]

270§ JL=CTP_ ., Gammala; + a;s] MLy, Gammal[l-b; - B;s]

z%ds (*B.L.J.BRAAKSMA1964x)

p
p==(6)=) B-) q
: <
q

FoxHCharacteristics

For descriptions of main terms asymptotics of FoxH function we will use several
FoxHCharacteristics
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FoxHCharacteristics[ {Table[ {a;, a;}, {i,1,n}],Table[ {a;,a;}, {i,n+1,p} ]},
{Table[ {bi’ Bi}a {ialam}]’Table[ {biapi}) {I’m +1,q}]},z] ==

(T2, Gammal[b; + Bjs])T[.;Gamma[l-a;-a;s] »
z -,

{(]'[Jp ns1Gammala; + a;s]) Ly, Gamma[l-b; - B;s]

a::i aj- Z aj+ Zﬁl Z Bj, A== - ZGJ Zﬁp

j=m+1
a (aj, aj)l,p]}

q P P-q b =aqj m,n
O LT

j=1 j=n+1

q
Z Bj (x7x) (*==ainBateman49x) (*==a in Braaksma * )
j=m+1

P q
6 == == _a’ p’ (#9%) (*p=== in Bateman49x) (*=== in Braaksma x)
6 B

j:l J:l
q p
A== yH-== ZBJ - ZaJ (*8%) (*==-BinBateman49x) (*==—p in Braaksma *)
j=1 j=1
Sb-5ae
M == 6H == bj_ aj + (%10%)
j=1 j=1 2

In[«]:=
goodFoxHSubListQ[ a4 ] := MatrixQ[a4 ] && Union[Length /@ a4 ] ===

{2}
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In[«]:=
FoxHCharacteristics|

{taZ:HoldPattern[Table[{a_,a_},{/ ,1,m_}]1]1 | aA2_?goodFoxHSubListQ| {},
th2 :HoldPattern[Table[ {6_, /4 }, {/ ,1,n_}111|
bB2_?goodFoxHSubListQ| {}},
{tc2:HoldPattern[Table[{c_,py_}, {k_,1,p_}11 | cC2_?goodFoxHSubListQ| {},
td2? :HoldPattern[Table[ {d_,0_}, {/ ,1,q_}111|
dDp2_?goodFoxHSublListQ| {}},s ,z ]:=

Mi..Gammal[b; + G;s] T/.;Gammala; - a; 5]

{ ™,
M)-1Gammal[d; + ;5] /., Gammalc,; - y; 5]

aas==) a;Sum[a, {/,1,m}] +Sum[ &, {/,1,n}] - Zyk—Zd/,

i=1 k=1
AA“i Z ZV/{ ZJ/,

/=1 /=1

m n n
I-'M==Z ——+ij———ch+——Zd,+—

/=1 2 /=1 2

In[«]:=
FoxHCharacteristics[ {Table[ {a;, a;}, {i,1,m} ], Table[ {bj, Bj;}, {jj,1,n} 1},

{Table[{ck, yk}; {ka 1: p}]aTable[{dladl}’ {l; 1aq}]}’S’Z]

Out[«]=
z7s ]'[}}zlGamma[bjj +5 Bj] ﬂ}}‘zlGamma[ajj -saj]

Thi-1Gamma[dj +s 6] TE.; Gamma[ ¢ - s v 5]

warS a3 py-Sv-SoaFa-3p -5

i=1 jj=1 i=1 jj=1

== _? S Za + Zb“ - |;Ck —Zdl, 66 == (]‘[ ;’i)[ﬁﬁj‘jﬁﬂ)(ﬁ y,;”)l]i[é.‘"}

i=1 jj=1 i=1 jj=1 k=1

Inactive[FoxH] [ {Table[ {a;,a;}, {i,1,n} ], Table[{a;,a;}, {i,n+1,p}]},
{Table[ {bi’ pi}’ {I, lsm}]:Table[ {bi; ﬁi}: {I’m + I,Q} ] }’Z]
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In[«]:=
FoxHCharacteristics[ {Table[ {a;,a;}, {i,1,n} ], Table[ {b;, Bii}, {ii,1,p}1},

{Table[ {Ck, Yk}, {ka 1’ p} ]’Table[ {dl:61}7 {I7 1’q} ] }7S7Z]

Out[s]=
z-5Th.,Gammal[b; +s B8] TT., Gamma[a; - s aji]

)

Mi-iGamma[d; +s6;] M Gammalci - syl
p p q n n n p p q
aaq == Zﬁii - Zyk - Zdl + Zai Zai: AA == Zai - Zﬁii - ZVk + Z5l,
i1 k=1 =1 =1 sl i-1 i1 k=1 =1
q

M == —2 + g + Zai + ib” - éck - gdl, 66 == (ﬁaf‘iJ (ﬁﬁi‘iﬁ“) (ﬁ y;Vk) ]‘[5;51}

ii=1 i=1 ii=1 =1

Singular points of FoxH and MeijerG and O-terms near them

With[{im=2,n=3,p=5,q=5},
FunctionSingularities[ MeijerG[ {Table[a;, {i,1,n} ], Table[a;, {j,1+n,p} ]},
{Table[bk) {k,l,m}],Table[bl, {lal"' m,q} ] },Z])Z] ]

** FunctionSingularities Warning: The set of singularitiesmay be incomplete due to missing domain and

singularity information for some of the functionsinvolved.

Out[«]=
z==0]] (Im[z] ==0&&Re[z] <0) | | Im[z]*+Re[z]?==1

In[]:=
With[{im=2,n=3,p=6,q=5},
FunctionSingularities[ MeijerG[ {Table[a;, {i,1,n} ], Table[a;, {j,1+n,p} ]},
{Table[bk) {ka 1, m}],Table[bl, {lal +m,q}l},z],z]]

** FunctionSingularities Warning: The set of singularitiesmay be incomplete due to missing domain and

singularity information for some of the functionsinvolved.

Out[s]=

z==0]| (Im[z] ==0&&Re[z] £0)
In[«]:=

FunctionSingularities] e*, z, Complexes]
out[]=

False
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In[«]:=
FunctionPoles[Gamma[z] Gamma[-z] Gamma[-z+2],z]
out[]=

{{1—2«:1 if cleZ&&cls—l,Z},
{2—2@1 if c;ez&&c; <0 ,2},{ 2c, if c,ez ,Indeterminate},

{1+2Cl if cleZ&&clzo,l},{l+2«:1 if clel&&cls—l,l}}

FunctionAnalytic FunctionPoles FunctionDomain FunctionPeriod

FunctionRange FunctionSign FunctionSingularities

FunctionSingularitiesOleg MeijerG[ {Table[a;, {i,1,n} ], Table[aj, {j,1+n,p}]},
{Table[by, {k,1,m} ], Table[b,, {l,1+m,q}]},z],2z] ==

0OA o P<q
{0/\(|m[2]==0&&Re[Z]SO)Aoo p ==
o A0 P>q
MeijerG[ {Table[a;, {i,1,n} ], Table[a;, {j,1+n,p}]},
{Table[bk7{kalam}]’Table[bla {l,1+m,q}]},wzg,r]<—)

- e
PP psq
) 4-m-n - gb:

? ex g
e -1 wrerf-i-Z{;n:lZf p==1+q

£x A 13 I
Zr COS[z (_l)q—m-n- W rz - ]+Z{("=lz r p==2+(q

1

- _-t Irm X by
_e(p q)(wzs) zg_r+z{("=lzg_r p=23+¢q
g 1 (g p l+p-q
= >0Ax==— ij-Zaj+— A (Abs[z] »0)
r a-P i1 = 2
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MeijerG[ {Table[a;, {i,1,n} ], Table[a;, {j,1+n,p} ]},
{Table[by, {k,1,m} ], Table[b, {L1+m,q}]},wztr] &
[ zEl=lzg_Iler

e (=1)9-MN"wrz

P=q
£ ex gbs
A D Y A p==1+q
gby /;

X 1
zv Cos[2 '\/ (=1)9-m-n-1y-7 2% ] +3,Z7 p==2+q

1

—q) [—w: z87) 7 b,

_e(pq)(wz ) zg_rx+zﬂ1=lzg_r p23+q
g 1 (3 P l+p-q
—>0AX==—[ bj- > aj+ ——— | A (Abs[z] »0)
r q_p j=1 j=1 2

MeijerG[ { {ay, ..., an}, {@ns1s ey @qt }s {{b1, ceo;bm}, {bms1, ..osbg} }, 2] ©
1+ (1= (=1)P"MNz)% q==pAygp=0
l+log[l- (-1)P"™"z] q==pAyp==0/;
1 q=*p

p
Wp ==Z(aj -bj)-1A(z>» (-1)™"P)
j=1
MeijerG[ {Table[a;, {i,1,n} ], Table[a;, {j,1+n,p} ]},
{Table[by, {k,1,m} ], Table[b, {LL1+m,q}]},wztr] &
[ =0, 2 qsp

g (ak-1)

1 g
_1)P-m-nT T EBX LACTSE
ARl T DT q==1+p

£x —m-n-1..}_2 g (2i-1) /;

ZrCos[Z (-1)P WrZr]+ZE=IZ . q==2+p
(q-p) (—W% Z::); 8x g (-1+ay)

e e + a7 q=23+p

g 1 d P l+p-q
- >0A)x==— bi- ) aj+ ——— |A (Abs[z] » )
Sn-Fae
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Series expansion of FoxH[z] at 0

(T2, Gammalb; + Bjs])T.;Gamma[l-a;-a;s]
Residue[

7%, {s, bj,l}]==
(M-p.1Gammala; +a;s]) Ty, Gamma[1l-b; - B;s]

(=1)! (]'[{L‘llf[i==j, 1,Gamma[bi+ﬁI ]]) I_lGamma[l—a,—aI o

L! B; (]‘[f’ n+1Gamma[a +a t;_ l])n" m+1Gamma[l b - B; _b' l]

i

27 by = ——

Bn(bj+A)£B;(bp+v) /;1<shsm&&1<jsm&&A,v==01,2,..

Series expansion of FoxH[z] at «

Hmn[ | aJ’aJ -
b BJ-
. (T[}“;lGamma[bj+Bjs]) ", Gammal[l-aj-a;s] s
Re5|due[ , {s;aik} ] ==

(M-n.1Gammala; + a;s]) M.y, Gamma[1l-b; - B;s]

(=1)k (]'I}‘llGamma[bj + B A2k ]) m-, If[j =i, 1, Gamma[l -aj-a; 1':""]]
k! a; (]‘[Jf’=n+1Gamma[aj +Q; l_ai+k]) - m+lGamma[1 b - B; = Z:k]

_l-aivk l1-a;+ k
z = [jajgz= —

a;
ay (1—aj+)\):t=aj (l-ap+v) /;1<sh<sn&&1<j<n&&A,v==0,12,...
MeijerG[ {{a1, ...;an}, {an+1, ---7ap} }s {{bl, ceey bm}, {bm+1, ceey bq} },z,r] ==

m
")

ko1 Ty I [i==k, 1,Sin[7t (bj = by)1] TF-n,s Gamma(a; - by ]

[LiGammall+ by -a]

z_rk HypergeometricPFQRegularizec[ {l+by=-a;,....,1+by-ay},

{(14by=by, o, L4 by = by, 14 b= biyp, ., 14 b =g}, (=1)P" " 27 | [
(pP<qV (p==qAAbs[z] <1)) A

V{j,k},{j,k)eIntegerSAj:k/\lsjsm/\lsksm ( ! (bj - bk € |ntegers))
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List of 166+2 named functions as cases of FoxH and MeijerG functions

MittaglLeffler2 cases

In[«]:=

Zk

MittagLefflerE[a, b, z] == Z
keo Gammalak+b]

Out[e]=
True

In[e]:=
{#,ResourceFunction["FoxHForm"] [#,z] } & | @

{MittagLefflerE[a, z], MittagLefflerE[a,b,z] } / / TableForm

Out[<]//TableForm=

MittaglefflerE[a, z] {0, 13}, {3}, {{{0,1}}, {{0,a}}}, -z]
MittaglLefflerE[a, b, 7] [{{{0,1}}, {}}, {{{0,1}}, {{1-b,a}}},-z]

In[«]:=
{#,ResourceFunction["MeijerGForm"] [#,z] } & | @
{MittagLefflerE[a, z], MittagLefflerE[a,b,z] } / / TableForm

Out[<]//TableForm=

1
- (-1+a)

MittaglLefflerE[a, z] em: [“0}’(”’{“1/}5’ el ) if aecz&%a>0
MittagLefflerE[a, b, z] [=] MeijerGForm [MittaglLefflerE[a, b, z], 2]
FoxMeijer166
In[e]:=
1

—, 4z,2°, (1+2)% Abs[1-2]% AiryAi[z], AiryAiPrime[z],
1-z

FoxMeijerl66= {az, e’,
AiryBi[z], AiryBiPrime[z],AngerJ[a,z],AngerJ[a,b,z],ArcCos[z],ArcCosh|[z],
ArcCot[z],ArcCoth[z],ArcCsc[z],ArcCsch[z],ArcSec[z],ArcSech[z],ArcSin[z],
ArcSinh[z],ArcTan[z],ArcTan[a,z],ArcTan[z,a],ArcTanh[z],Bessell[a,z],
BesselJ[a,z],BesselK[a,z],BesselY[a,z],Beta[z,a,b],Betalc,z,a,b],
Beta[z,c,a,b], BetaRegularized[z,a,b], BetaRegularized[c,z,a,b],
BetaRegularized[z, ¢, a,b], BilateralHypergeometricPFQ {a; }, {b;},z],
BilateralHypergeometricPFQ {a;, a5}, {b;,by},2],

BilateralHypergeometricPFQ {a;,a,}, Table[b;, {i,1,9}1,z],
BilateralHypergeometricPFQ {a;,a;,a3}, {b1, by, b3},2],

BilateralHypergeometricPFQ Table[a;, {i,1,p} ], {bl,b2,b3},z],
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BilateralHypergeometricPFQ Table[a;, {i,1,p} ], Table[b;, {i,1,q}1,z],
CarlsonRC|[x,z], CarlsonRC[z,y], CarlsonRE[y, z], CarlsonRK][y, z],
ChebyshevT[a,z],ChebyshevU[a,z],Cos[z],Cosh[z], Coshintegral[z],
Cosintegral[z],DawsonF[z], EllipticE[z], EllipticK[z],Erf[z],Erf[a, z],
Erf[z,b],Erfc[z],Erfi[z], ExpIlntegralE[a, z], ExplIntegralEi[z],
Fibonacci[z], Fibonacci[a,z], FresnelC[z], FresnelF[z], FresnelG[z],
FresnelS[z],Gamma[a,z],Gammala,b,z],Gammala,z,b],
GammaRegularized[a, z], GammaRegularized[a, b,z], GammaRegularized[a, z,b],
GegenbauerC[a, b, z],HankelH1[a,z],HankelH2[a,z], Haversine[z],
(1-z)%HeavisideTheta[1-Abs[z] ], (-1+z)?HeavisideTheta[-1+Abs[z] ],
HermiteH[a, z], HypergeometricOF1[a, z], HypergeometricOF1Regularized a, z],
HypergeometriclFl[a, b, z], HypergeometriclF1Regularized a, b, z],
Hypergeometric2F1l[a, b, c,z], Hypergeometric2F1Regularized a, b, c,z],
HypergeometricPFQ[ {a;,a,}, Table[b;, {j,1,9}],z],
HypergeometricPFQ[Table[aj, {j,1,p} ], {b1l,b2,b3},z],
HypergeometricPFQ[Table[a;, {j,1,p} ], Table[b;, {j,1,q9}1,z],
HypergeometricPFQRegularized {a;,a,}, Table[b;, {j,1,q9}1,z],
HypergeometricPFQRegularized Table[a;, {j,1,p} ], {bl,b2,b3},2],
HypergeometricPFQRegularized Table[a;, {j,1,p} ], Table[b;, {j,1,q}1,z],
HypergeometricU[a, b, z], InverseHaversine[z], KelvinBei[0,z],
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KelvinKei[a, z], KelvinKer[0,z], KelvinKer[a, z], LaguerreL[a, z],
LaguerreL[a,b,z],LegendreP[v,z], LegendreP[a,b,z], LegendreP[a,b,2,z],
LegendreP[a,b,3,z],LegendreQ[v,z],LegendreQ[a,b,z], LegendreQ[a,b,2,z],
LegendreQ[a,b,3,z],Log[z], LucasL[z], LucasL[a, z], ParabolicCylinderD[a, z],
1 Abs[z] >1 1 Abs[z] <1 { (1-z)2 Abs[z] <1

0 True "L 0 True 0 True ,
1 - -1l+c
AppellF3[a,a1, b,bl,c,l——,1_z]({ (1-2) Abs[z] <1)’
z 0 True
1 - -1+c
AppellF3[a,a1, b;bl,c,l—z,l_—]({ (1-2) Abs[z] <1)’
z 0 True
1 - -1+c
HypergeometricZFl[a, b,c,1-- ] ({ (1-2) Abs[z] < 1)’
z 0 True
- -1l+c
Hypergeometric2F1[a, b,c,1 -2z] ({ (1-2) Abs[z] < 1),
0 True
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{ (=1+z)? Abs[z] >1
0 True ’

-1+c
AppellF3[a al,b,bl,c, 1-—,1_2] { (=1+2z)~ Abs[z] >1),

True

1 -1l+c
AppellF3[a al,b,bl,c,1-2z 1-—]({ (-1+2)" Abs[z]>1),
z True

-1l+c
HypergeometncZFl[a b,c,1- —]( —l+2)” Abs[z] > 1),

True

(=14+2z)71*¢ Abs[z] >1

Hypergeometric2F1l[a,b,c,1 - 2] ({
0 True

), PolyLog[2, 2],

PolyLog[a,z], ScorerGi[z], ScorerGiPrime[z], ScorerHi[z], ScorerHiPrime[z],
Abs[1-2z]%Sign[1-2z],Abs[1-2z]%Sign[-1+2],Sin[z],Sinc[z],Sinh[z],
Sinhintegral[z], Sinintegral[z], SphericalBesselJ[a, z], SphericalBesselY[a, z],
SphericalHankelH1[a, z], SphericalHankelH2[a, z], StruveH[v, z], StruvelL[v,z],
UnitStep[z], UnitStep[1-Abs[z]], (1-2)?UnitStep[1-Abs[z]],

1
(1-2z)71* AppellF3[a, al,b,bl,c,1--,1- z] UnitStep[1-Abs[z] ],
z

1
(1- z)'1+cAppellF3[a,a1, b,bl,c,1-21- —]UnitStep[l -Abs[z]]1,
z
UnitStep[-1+Abs[z]], (-1+2z)?UnitStep[-1+Abs[z] ],

1
(-1+2) ‘l*cAppellF3[a,a1, b,bl,c,1--,1- z] UnitStep[-1+Abs[z] ],
z

1
(-1+72) ‘“‘AppellFs[a,al, b,bl,c,1-21- —]UnitStep[—l +Abs[z]],
V4

WeberE[v,z],WeberE[v,a,z],WhittakerM[a,b,z],
e ?'2WhittakerM[a, b, z], e*'? WhittakerM[a, b, z], WhittakerW[a, b, z],

e 2’2 WhittakerW[a, b, z], e*'2 WhittakerW[a, b, z]};

In[e]:=
FoxMeijer166 / / TraditionalForm
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Out[-]//TraditionalForm=
1
{az, e,

coth™!(2), csc™!(2), csch™!(2), sec™'(2), sech™!(z), sin”'(2), sinh~!(z), tan"!(z), tan"'(q, 2), tan"'(z, a),
tanh™(2), 1,(2), Ju(2), Ku(2), Ya(2), Bo(a, b), Bic(a, b), Bio(a, b), L(a, b), I.»(a, b), I .(a, b),

1Hi(ay; by; 2), 2Hy(ay, ap; by, by; z), BilateralHypergeometricPFQ[{a;, ay}, Table[d;, {i, 1, q}], zI,

sHs(ay, az, as; by, by, bs; z), BilateralHypergeometricPFQ[Table[a;, {i, 1, p}], {bl, b2, b3}, z],
BilateralHypergeometricPFQ[Table[a;, {i, 1, p}], Table[d;, {i, 1, g}1, z], Rc(x, 2), Re(z, ¥), RE(Y, 2),

Ry (y, 2), Ty(2), Uy(2), cos(z), cosh(z), Chi(z), Ci(z), F(z), E(z), K(z), erf(z), erf(a, z), erf(z, b), erfc(z),
erfi(z), E,(2), Ei(2), F,, F,(2), C(2), F(2), G(2), S(2), T'(a, 2), T(a, b, z), [(a, z, b), O(a, z), O, b, 2),

O, z, b), CP(2), H(2), HY(2), hav(z), (1 = 2)" 6(1 = |2}, (z = 1 61zl = 1), Ha(2), 0F1( a; 2), oF 16 a; 2),
1F1(a; b; 2), 1F1(a; b; 2), 2 Fi(a, b; ¢; 2), 2F\(a, b; ¢; z), HypergeometricPFQ[{ay, ao}, Table[b;, {/, 1, g}], z],
HypergeometricPFQ|Table[a;, {/, 1, p}], {bl, b2, b3}, z],

HypergeometricPFQ|Table|a;, {/, 1, p}], Table[b;, {/, 1, g}, z|,

HypergeometricPFQRegularized|{a, a,}, Table[b;, {/, 1, g}], ],
HypergeometricPFQRegularized| Table[a;, {/, 1, p}], {bl, b2, b3}, z|,
HypergeometricPFQRegularized| Table|a;, {/, 1, p}|, Table[b;, {/, 1, ¢}], z], U(a, b, 2), havl(z),

beig(z), beiy(2), bery(z), ber,(2), keig(2), keiy(2), kery(z), kery(2), La(2), LE(2), P,(2), P2(2), Pi(z), Pi(2),

1 JzI>1 {l Izl < 1 {(1—2)“ lz] < 1

Nz, 2, 2+ D9 11— 2% Ai(2), Ai(2), Bi(2), Bi'(2), J4(2), J2(2), cos™(2), cosh™(2), cot™ (2),

-z

0,(2), O%(2), 04(2), Qh(2), log(2), L., Ly(2), Du(2), {

0 True 0 True 0 True °
1 _ n\e-1 -1
Fsa,al;b,bl;c;l——,l—z({(1 2) |Z|<1)F3aalbblcl—zl——({(l ?) 'Z'<1),
z 0 True z 0 True
(1-21 |z < 1) ( 1-2°1 Jz1< 1) { z-D% |z1>1
F 1- F cel =
2 l(a bies z]({ 0 True ) ° 1@ be1-2 0 True ) L0 True ’
1 _ 1\¢-1 1yl
Fsla,al; b,bl;c;1-—, 1~z ({(Z D |Z|>1),F3a,a1;b,b1;c;l 1—— ({(z D |Z|>l),
z 0 True z 0 True
1 _ 1\¢-1 1yl
JFi|a, b1 - - ({ =D > 1), 2Fi(a, b c; 1 —z)[{ =D k> 1), Lis(2), Lig(2), Gi(2),
z 0 True 0 True

Gi'(2), Hi(z), Hi' (z), |1 — z|* sgn(1 - z), |1 — z|* sgn(z — 1), sin(z), sinc(z), sinh(z), Shi(z), Si(2), j,(2), yu(2),

1
hD(2), 2(2), H,(2), Ly(2), 6(2), 61 - Iz0), (1 = 2)* 6(1 = |z]), (1 — 2)°! F;[a, al;b,blic;1——, 1— Z) (1 = |z)),
z

1
(1 _Z)C_l F3(a’ a19 b’ bla c, 1 -z 1- _]0(1 - |Z|)9 0(|Z| - 1)7 (Z_ 1)61 0(|Z| - 1)’
z

1 1
(z- 1! F3(a, al;b,bl;c;1-—, 1 —z] 0z - 1), (z - D! F3(a, al;b,blic; 1 -2z, 1- —]9(|z| -1,
zZ

z

E,(2), EL@), Myp(2), €7 Myp(2), € Myp(@), Wap(@), €7 Wop(@), € Wap(@))
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Table[FoxMeijer166/kl, {k,1,166}] / /| EchoTiming/ / TableForm ( «2.45 Secx)
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ArcSech[z]

ArcSin[z]

ArcSinh[z]
ArcTan[z]
ArcTan[a, z]
ArcTan([z, a]
ArcTanh[z]
Bessell[ a, z]
BesselJ[a, z]
BesselK][a, z]
BesselY[a, z]
Beta[z,a,b]
Beta[c,z,a,b]
Beta[z,c,a,b]

BetaRegularized[z, a, b]
BetaRegularized[c, z, a, b]

BetaRegularized[z, c, a, b]

BilateralHypergeometricPFQ {a1}, {b1}, z]
BilateralHypergeometricPFQ {ai, a>}, {b1, by}, z]
BilateralHypergeometricPFQ {aj, a,}, Table[b;, {i,1,q}1, z]
BilateralHypergeometricPFQ {ai, a,, az}, {b1, by, b3}, z]
BilateralHypergeometricPFQ{ Table[a;, {i, 1,p} ], {bl, b2, b3}, z]
BilateralHypergeometricPFQ Table[a;, {i, 1, p} ], Table[b;, {i,1,q} 1, z]

CarlsonRC[x, z]
CarlsonRC[z,y]
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ChebyshevT[a, z]

ChebyshevU][ a, z]

Cos[z]

Cosh[z]
Coshlintegral[z]
Coslntegral[z]
DawsonF[z]
EllipticE[z]
EllipticK[z]

Erf[z]
Erf[a, z]
Erf[z, b]
Erfc[z]

Erfi[z]
ExpintegralE[a, z]
ExplntegralEi[z]

Fibonacci[z]

Fibonacci[a, z]
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FresnelC[z]
FresnelF[z]
FresnelG[z]

FresnelS[z]
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Gammala, b, z]
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(-1+2z)?HeavisideTheta[ -1+ Abs[z] ]

HermiteH[a, z]
HypergeometricOF1[ a, z]
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Hypergeometric2F1Regularized a, b, ¢, z]
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HypergeometricPFQ {ay, a,}, Table[b;, {j, 1,9} ], z]
HypergeometricPFQ[ Table[aj, {j, 1, p} ], {b1, b2, b3}, z]
HypergeometricPFQ Table[aj, {j, 1, p} ], Table[b;, {j, 1,q} ], z]
HypergeometricPFQRegularized {ay, a,}, Table[b;, {j, 1,q} ], z]
HypergeometricPFQRegularized Table[aj, {j, 1, p} ], {b1, b2, b3}, z]
HypergeometricPFQRegularized Table[aj, {j, 1, p} ], Table[ b, {j, 1,9} ], z]
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LegendreP[a, b, 2, 7]
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0 True
_ a _ a
{{ (-1+2z)? Abs[z] >1’ PR — [{ (-1+2z)? Abs[z] >l,z]},
0 True 0 True
1 _ -1+c
{AppellF3[a,al, b, bl,c,l——,l—z]({ (=1+2) Abs[z] >l),
z 0 True

1 _ -1l+c
(=] FoxHForm [AppellF3[a,al, b, b1, c,l-—,l—z]({é 1+2) ?Eje[Z] >1),z]},

z



TalkAtICFDA-2024-Revision2.nb | 59

1 _ -1+c
{AppellF3[a,al, b, b1, c,l—z,l——]({ (-1+2) Abs[z] >l),

z 0 True
1 _ -1+c
[=] FoxHForm [AppeHF3[a,al,b,bl,c,l-—z,1-—] ({ (-1+2) Abs[z] > l),z]},
z 0 True
1 (-1+z)7 ¢ Abs[z] >1
Hypergeometric2Fl a, b,c, 1 - - ( ),
{ ypere ! q z] { 0 True
1 (-1+2z)~ ¢ Abs[z] >1
[=] FoxHF Hypergeometric2Fla, b,c,1 - — ( ),z },
oxHForm [Hyperg 1[ -1({ ¢ Ao ]

-1l+c
{HypergeometricZFl[a, b,c,1-z2] ({ (-1+2z) Abs[z] > 1),
0 True

[=] FoxHForm [HypergeornetﬂczFl[a,b,c,l-—z] ({ é_]'+z)_l“: ?:j;z] > l),z]},
{Abs[l—z]aSign[l—z], [« FoxHForm [Abs[l—z]aSign[l—z],z]},
{Abs[l—z]aSign[—1+z], [«] FoxHForm [Abs[l—z]aSign[—1+z],z]},
{(l—z)aUnitStep[l—Abs[z]], =] FoxHForm [(l—z)aUnitStep[l—Abs[z]],z]},

{(—1+z)aUnitStep[—l+Abs[z] 1,

[=] FoxHForm [ (-1+2z)%UnitStep[-1+Abs[z] ],z]}}

In[e]:=
% I | Length

Out[«]=

25
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NadList25= Part[#7,1] & | @ %344
(* thisis the List25which should be fixed or added into program =)

Out[«]=
{BilateralHypergeometricPFq {a1}, {b1}, z], BilateralHypergeometricPFQ {a;, a,}, {b1, by}, z],

BilateralHypergeometricPFQ {aj, a,}, Table[b;, {i,1,q}1, z],
BilateralHypergeometricPFQ {a;, a5, a3}, {b1, by, b3}, 2],
BilateralHypergeometricPFQ Table[a;, {i, 1,p} 1, {bl, b2, b3}, z],
BilateralHypergeometricPFQ Table[a;, {i,1,p} 1, Table[b;, {i,1,q}1, z],
(1-2z)?HeavisideTheta[1 -Abs[z]], (-1+z)?HeavisideTheta[-1+Abs[z]],

1 Abs[z] >1 {l Abs[z] <1 {(l—z)a Abs[z] <1

HermiteH[a, z ,{
[ ] 0 True 0 True 0 True

’

-1+ Abs[z] < 1)

AppellF3[a al,b,bl,c, 1—— l—z ({
True

“+¢ Abs[z] < 1)

1
AppellF3[a al,b,bl, c,1-2, l—— ({ T
z rue

“+¢ Abs[z] < 1)

HypergeometncZFl[a b, c, 1——] True

Hypergeometric2F1[a, b,c, 1 -2z]

I

{ 1-2z) 1+ Abs[z]<1) { (-1+z)? Abs[z] >1

True 0 True

AppellF3[a al,b,bl, c, 1—— l—z T
rue

0

(

0

{ —1+z) I+ Abs[z]>1)
AppellF3[a,a1, b,bl,c,1-2,1- {

1 ( -1+z) ¢ Abs[z] >1)
z True ’
-1+c
HypergeometrlczFl[a b, c, 1__] {é 1+72) ?lrosiz] >1),
u
{ (-
0

1+z) ¢ Abs[z] >1

True ),Abs[l—z] Sign[1-2z],

Hypergeometric2F1[a, b,c, 1 -2]

Abs[1-2z]12Sign[-1+2z], (1-2z)?UnitStep[1-Abs[z]], (-1+2z)?UnitStep[-1+Abs[z] ]}

Case of MeijerG: PolyLog|[2,z]

PolyLog[2,z] ==z HypergeometricPFQ[ {1,1,1}, {2,2},z]

PolyLog[2,z] == -MeijerG[ {{1,1,1}, {}}, {{1},{0,0}}, -z]

k
PolyLog[2,z] --Z— /; Abs[z] <1
k= 1
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Tl'2

PolyLog[2,z] == —PolyLog[2,1-z] + — - Log[z] Log[1l-2z]
6

oo 1_ k
+Log[l-2] Zi [;Abs[z-1] <1

k=1

= (1-2)F
PolyLog[2,z] == — - Z—
6 k=1 k2

n.Z

PolyLog[2,z] ==— + (z-1) HypergeometricPFQ[ {1,1,1}, {2,2},1-2z] -
6

Log[l-2z] (z-1) Hypergeometric2F1[1,1,2,1-z]

1 72 o
PolyLog[2,2z] == -— Log[-z]% - — - Z
2 k=1k Zk

l;Abs[z] >1

1 , 72 1
PolyLog[2,z] == == Log[-2z]" - — —PolyLog[Z,—] /;
2 6 z

Not[IntervalMemberQ[Interval[ {0,1} ], z]]

Gammal[-s]3 (-z)~S

PolyLog[2,z] == —ZResidue[ Gammal([s+1], {s, —j}] /;
j=1

Gammal[l-s]?

Abs[z] <1
Case of MeijerG: PolyLog[n,z]

PolyLog[n, z] ==zHypergeometricPFQ[ {1,a;,a,,...,an}, {1+a;,1+a,,....,1+a,},z] /;

a;==az==..==a,==1An elntegersAn>0

PolyLog[n, z] == —MeijerG[ {Table[1,n+ 1], {}}, {{1},Table[0O,n]},-2] /;
n € Integers&&n >0

PolyLog[n,z] == Z— /; Abs[z] <1
k=1 kn
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(z=1)"1 (-Log[1-2z] +PolyGamma[n] + EulerGamma)

PolyLog[n,z] ==
(n-1)!

il UnitStep[k -1]

Z(KroneckerDelta[k] + BellY[

k=0 k!

_ i1 (-1)
Table[{(—l)'Pochhammer[l—n,i],—}, {i,k}]]) (z-1)"-
i+1
(z—1)" © ko (=1))7u (z-1)FK UnitStep[k -j-1]
ZZZ - KroneckerDelta[k -] + -

(n=1) ! Z5izou=0 J=u+2 (k=j)!

i L
BellY[Table[{(—l) Pochhammer[l—n,l],T}, {I,k—j}]]]

UnitStep[u-1]

[KroneckerDelta[u] +
u!

BellY[Table[{i! (_l)i,“.(_l)i},{i,u}]]]+

i+1 i+1

= k Zeta[n-k+]j]

ZZPiecewise[{{

k=0j=0 (k_j) !

UnitStep[j-1]

(KroneckerDelta[j] +
j!

BellY[Tab[e[{(_l)i Pochhammer[j-k,i], e .( 1) I},

i+1
{i,j}]]),j=1+k—n}},0] (z-1)F

© 1 Log[-z]"
PolyLog[n,z] == (_1)"‘1Z - +
k=1knzk n!

FloorlZ ] polyLog[2 k, =11 Log[ -2z ] "~2*
2

/;Abs[z] >1AnelintegersAn>0

k=1 (n-2k) !
Log[z]"* 1
PolyLog[n,z] == —— (PolyGamma[n] + EulerGamma- Log[Log[— ]]) +
(n-1)! z
n-27Zeta[n-k] © Zeta[n-k] .
Z—Log[z] +Z—Log[z] /;n e lIntegersAn>0

k=0 - k=n
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= 1 (2mi)"
PolyLog[n,z] == (_1)“‘1Z -
k=1knzk n!

Log[-z]

1
BernoulliB[n, + —] /;
2

25t {
Abs[z] >1An elntegersAn>0

EulerGamma+ PolyGamma|[n] - Log[-Log[z] ]

PolyLog[n,z] == P Log[z]"! +
n-1)!
n-2 Zeta[n-j] . & Zeta[n-j] )
Zeta[n] + Z— Log[z]’ +Z— Log[z]’ /;n e IntegersAn>0
j:l J! j:n J!

Gammal[s+1] (-z)~°

PolyLog[n,z] == ZResidue[

Gammal-s], {s,i}| /;
j=1 ('S)n

Abs[z] >1An elIntegersAn>0

Evaluation of FoxH in logarithmic cases (Residues of FoxH’s ratios of
gamma functions)

Case of left u-th order poles

by +i

m

(T2, Gammal[b; + B;s]) ML, Gamma[ 1 - a; - a;s] _S{ bm+im}] Z fm (=1)Faina
Z7,8S, -

Residue
[(]'[f’zn+lGamma[ai+ais])rl?zmlGamma[l—bj—Bjs] Bm (u-1)!

KroneckerDelta[u -1 - k]

-1
uZBinomial[u—l,k] : +
k=0 (ﬂfzml Gamma[ai - ,3% (im +bm) ]) I']?zm_u+1Gamma[l -bj+ 3% (im + bm) ]

UnitStep[u-k=-2] BellY[Table[
-1-j

) P Qi q Bj
{(—l)lj! [( H Gamma[ai—ﬁ— (im+bm)] H Gamma[l—bj+ﬁ— (im+bm)] ,

i=n+1 m )j:m—u+1 m

] j-i j-i
ZBinomial[j, |][ Z Z KroneckerDelta[j—], i kj]
K

i=0 m-us1=0 kq=0 j=m-u+1

m

q B:
Multinomial[ km_ys1; -5 Kq1 H (Gamma[l - b+ L (im+bm) ]
i +1 B
(_Bj)kj (KroneckerDelta[kj] + UnitStep[ k; - 1] BellY[Table[{l,

PolyGamma[—l +t,1-bj+ B (im+bm) ]}> {t kj}]] ))]

m
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[ Z Z KroneckerDelta[i, i kj] Multinomial[ kn,1, ..., kp ]

Kne1=0 kp=0 j=n+1
P a ki
H Gamma[aj—— (|m+bm)]aj KroneckerDelta[ kj ] +
j=n+1 Bm

UnitStep[k; - 1] BellY[Table[{l, PolyGamma[—l +1t,

2= (i) [} kj}]]))]}, {J}u-l-k}]]]

m

k k i
ZZ Multinomial[j,j,k—i—j]Piecewise[{{l,m===u}},[IZ... IZ KroneckerDelta[

i=0j=0 ki=0  Km_y=0

m-u
i, ij] Multinomial[Ky, ..., Km_u ]
j=1

Eas By . k; )
Gamma[bj -— (im+bp) ] B;’' |KroneckerDelta[ k; ] + UnitStep[kj - 1]
B
1

m

j=

BellY[Table[{l, PolyGamma[t— 1, bj- ﬂ (im +bm) ]}’ {t kJ}”])]]

m

] ]
[Z Z KroneckerDelta[j, ikj] Multinomial[ ky, ..., k] ﬁ(Gamma[l -aj+
ki

=0 ky=0 j=1 j=1

a
— (i +bm) ] (-a;)% (KroneckerDelta[kj] + UnitStep[ kj - 1] BellY[

m

Table[{l, PolyGamma[t— 1,1-a+ ; (im +bm) ]}, {t, kj}]] ]]]

m

U Floor[%H] (k—l—]) | (-Log[z] )k-i—j—Zr . "

Z i KroneckerDelta[r,ij]

My Bm-jr1 120 ri(k-i-j-2r)! ki=0  k,=0 j=1

u 2 (22K -2) Zeta[2k;] (7T Brm_ja1) 2 ki !
Multinomial[ky, ..., ky ] H ( ) [2k;] (7T Bm-jur) " kj .
j=1 (2mm) 24

u e Integers&&in_j,1 € Integers&&in_j,1 2
0&&
1<
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(bm +1m) Bm-je1

Bm
im—j+l &&
0<
j<
us
m &&
Not[
aj —
by +in
a; €
Bm
bm +1im
Integers&&a; - a; <0&&n+
m
1<is p] &&
b +in bm+1im
Not[l—bj+ Bj € Integers&&1 - b; + Bj <
m Bm
0 &&
m+l<js< q]
(]_[;”le"(b]+sﬁj)) ]_]:?le"(l—ai—ais) bm+in1
res| z, {s, - } =
(TH1 T(a; + s @) njzmﬂ I(1-b;-B;s) Bon
Dntim .
z o (=1)Zhibne it ul ( u-1 Ou-k-1
+
_ k ) & (by+in (bu+inm) B
(=Dt k=0 ) (ni’;nﬂ F(ai - (TH)) H(/]‘:m—uﬂ F(l - b./ + #)
(2 @ (b +im))) 2 (b + 1) B\
Ou—k—2) BellY[Table[{(—l)Jj! [[ |1 r[a,-— —]] [1 1"(1 —bj+ —’] ,
i=n+1 :Bm J=m—u+1 ﬁm
J . J-i J-i q (b +i )B;
J m m
SI 2 D bistas Fnwnt =tk b, k) [ r[1 by _]
=0 ' k=0 k=0 J— Bm

(-8, [5kj +0(k; - 1) BellY[Table[{l, w("”[l —bj+ wm%}:")ﬁ’ ]} {t, k j}]]]]

: ! P @; (bm +1ip) k;
D Dbt et + e+ ks Kt s ) | ] T ey - ———— |}
kya=0 k=0 Jjentl Bm

[(5k, + 6(k; 1) BellY| Table[{1, lp“-“[a_, _ 2 On ]} {t, k,}]]]}, {jou—k-1}]]

m
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1

Bj (b,

ZZ k b k—i- ) { Zk - Zj(" =0 00y ((STE O R TR )
(b, - 2 q;,,ﬂm)) By (6, + 6(k; - 1) BellY| Table[{1, y~D(b; - 8o

i=0 j=0 nu_l.Bm—jH

(b ;’im)aj](_aj)kf (6kj+9(kj—I)BellY[Table[{l"/’(t_l)(l_a.i"'(b ;lm)aj]} . ki) ”]]

lkT/J (k—i-j)! (~log2)f 12" «

Tty —— Z Za,z (ki ke k)

e rik—i-j-2r)

2 sz/ - )((2 k]) (71',37/'+m+1)2kj k]!

U Q@ n?h g

(bm + im) IBm—j+l

ueNAi, 1 eNAl<sj<usmAb,_ = —ip-js1 A0 =<
Bm
j=
u<
mA
ai(bm+im)
-l ————e€ZA
Bm
ai(bm+im)
aj— ———
Bm
n+lsisp]/\
Bj (bm+im) ﬁj (bm+im) X
2|————-bj+1eZAN—— -b;+1=<0Am+1<j=<gq
B Bm
Quiet|

Simplify[ Table[With[{m =6, n =1, p =2, q = T},
{Solve[Table[Subscript[b, m - j + 1] + Subscript[8, m - j + 1] s ==
—-Subscript[i, m - j + 1] + € = Subscript[B8, m - j + 1], {j, u}l,
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}]1110[11,
(Residuel[ (Product[ Gamma[Subscript[b, j1 + Subscript[B, j] *s], {j, 1, m}] *
Product[Gamma[1l - Subscript[a, i] - Subscript[a, i] *s], {i, 1, n}]) /
(Product[Gamma[Subscript[a, i] + Subscript[a, i] *s], {i,n + 1, p}] *
Product[Gamma[1l - Subscript[b, j] - Subscript[B, j] *s], {j, m + 1, q}]) / z"s,
{€, 0}, Assumptions » {And @@
Flatten[Union[Table[ {Element[Subscript[i, m - j + 1], Integers] },
{j, 1, u} 1, Table[ {Subscript[i, m - j+ 1] =20}, {j, 1, u}]111}] /.
{s, — ( (Subscript[b, m] + Subscript[i, m]) / Subscript[B, m])} - {e€, O})/
(((z™ ((Subscript[b, m] + Subscript[i, m]) / Subscript[8, m]) =
(-1) ASum[Subscript[i, m - j + 1], {j, 1, u}] *Pi*u) / (u-1) 1) *
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Sum|Binomial[u - 1, kK] » (KroneckerDelta[u - 1 - k] / (Product][
Gamma[Subscript[a, i] - (Subscript[a, i] / Subscript[B, m]) *
(Subscript[i, m] + Subscript[b, m]) ], {i,n+ 1, p}]=*
Product[Gamma[1l - Subscript[b, j] + (Subscript[ 8, j] / Subscript[B, m]) =*
(Subscript[i, m] + Subscript[b, m]) ],
{j m-u+1,9}]) + UnitStep[u - k - 2] *
BellY[Table[{ (-1) Aj#j ! (Product[Gamma[Subscript[a, i] -
(Subscript[a, i] / Subscript[ 8, m]) » (Subscript][
i, m] + Subscript[b, m]) 1, {i,n+ 1, p}]=*
Product[Gamma[1l - Subscript[b, j] + (Subscript[B, j] / Subscript[B, m]) * (Subscript[i, m] +
Subscript[b, m]) 1, {j, m - u+ 1, q}])" (-1 - J),
Sum[Binomial[j, i]* (Sum[KroneckerDelta[j - i, Sum[Subscript[k, j], {j, m - u+1,q}]]=
Multinomial @@ Table[
Subscript[k, j1, {j, m-u+1,q}] *
Product[Gamma[1l - Subscript[b, j] + (Subscript[B, j] / Subscript[B, m]) =
(Subscript[i, m] + Subscript[b, m]) ] *
(-Subscript[ 8, j1) *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j1] + BellY[Table[ {1, PolyGamma[-1 + t, 1 — Subscript[b, j] +
(Subscript[ B, j] / Subscript[B, m]) *
(Subscript[i, m] + Subscript[b, m]) 1},
{t, Subscript[k, j1}1] *UnitStep[-1 + Subscript[k, j11), {j m-u + 1, q}], ttttl] &) @@
Table[ {Subscript[k, j1, 0, j - i}, {j, m - u+1,q}]=
(Sum[KroneckerDelta[i, Sum[Subscript[k, jI, {j, n + 1, p}]] *» Multinomial @@
Table[Subscript[k, j1, {j, n + 1, p} ] *» Product]
Gamma[Subscript[a, j] - (Subscript[a, j] /
Subscript[ 8, m]) = (Subscript[i, m] + Subscript[b, m]) ] = Subscript[a, j] *Subscript[k, j] =
(KroneckerDelta[ Subscript[k, j11 +
BellY[Table[ {1, PolyGamma[-1 + t,
Subscript[a, j] - (Subscript[a, j] / Subscript[ 8, m]) = (Subscript[i, m] + Subscript[b,
m1) 1}, {t, Subscript[k, j1} 11 % UnitStep[
-1 + Subscript[k, j11), {j, n +1, p}1],
HH1] &) @@ Table[ {Subscript[k, jI, 0, i}, {j, n + 1, p}1, {i, 0, j}]}, {i, u = 1 = k}]]) »Sum][
Multinomial[i, j, k = i - j] » Piecewise[ { {1, m === u}},
(Sum[KroneckerDelta[i, Sum[Subscript[k, j], {j, 1, m = u}]] = Multinomial @@
Table[Subscript[k, j1, {j, m - u} ] = Product[ Gamma|[
Subscript[b, j1 - (Subscript[ B, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) ] = Subscript[ B, j] *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j1] + BellY[
Table[ {1, PolyGamma[-1 + r, Subscript[b, j] -
(Subscript[ B, j] / Subscript[ 8, m]) % (Subscript[i, m] + Subscript[b, m]1) 1},
fr Suheerintfk i13111 «UnitStenl =1 &
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Subscript[k, j11), {j, 1, m - u}], HH1] &) @@
Table[ {Subscript[k, j1, 0, i}, {j, m —=u}]] * (Sum[KroneckerDelta[j, Sum [Subscript[k, j1, {j, 1,
n}l ] * Multinomial @@ Table[Subscript[k, j1, {j, n}] *
Product[Gamma[1l - Subscript[a, j] + (Subscript[a, j] / Subscript[ B8, m]) % (Subscript[i, m] +
Subscript[b, m]) ] » (-Subscript[a, j]) *Subscript[
k, j1 * (KroneckerDelta[ Subscript[k, j]] +
BellY[Table[ {1, PolyGamma[-1 + t, 1 — Subscript[a, j] + (Subscript[a, j] / Subscript[B8, m])
(Subscript[i, m] + Subscript[b, m]) ]},
{t, Subscript[k, j1}]1] *
UnitStep[ -1 + Subscript[k, j11), {j, 1, n}], tti:tl] &) @@
Table[ {Subscript[k, j], 0, j}, {j, n}]~*

*

((1/ (Pi*u=Product[Subscript[8, m - j + 1], {j, L, u}])) *
Sumi[(((k = i-j)!* (-Loglz])"(k=i-j=2xr))/(k=i-]j=-2%r)!)«
(1/r!) *Suml[Join[ {KroneckerDelta[r,
Sum[Subscript[k, j], {j, 1, u}]] * Multinomial[
Sequence @@ Table[Subscript[k, i], {i, u} 11 *Product[ ( (2% (2" (2% Subscript[k, j1) - 2) *
Zeta[2 * Subscript[k, j1] * (Pi* Subscript[
B, m —j+ 1]) " (2=Subscript[k, j])) /
(2 % Pi) A (2 Subscript[k, j1)) = Subscript[k, j1!, {j, u}1},
Table[ {Subscript[k, i1, 0, r}, {i, u}111,
{r, 0, Floor[ (k - i - 1) /2]}]), i, 0, K}, {j, 0, K},
{k, 0, u-1}])} /. Suml[uu_List] > Suml[Sequence @@ uu] /. Suml - Sum /.
Solve[Table[Subscript[b, m -= j + 1] + Subscript[B, m — j + 1] *s ==
—-Subscript[i, m —= j + 1] + € = Subscript[8, m - + 11, {j, u}l,
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}1111l
11], {u, 1, 2} ] /. Residuel » Residue] /. Gamma[l + (w_)] = w!]

{{{- ((Subscript[b, 6] + Subscript[i, 6] - € * Subscript[B8, 6]1) / Subscript[B, 6]1) -
— ( (Subscript[b, 6] + Subscript[i, 6] - € = Subscript[B, 6]) / Subscript[B, 6]) }, 1},
{{- ((Subscript[b, 6] + Subscript[i, 6] - € * Subscript[ B8, 6]1) / Subscript[B, 6]) -
- ( (Subscript[b, 6] + Subscript[i, 6] - € = Subscript[B, 6]) / Subscript[B, 6]),
(Subscript[b, 6] = Subscript[ 8, 5] + Subscript[i, 6] * Subscript[B, 5] -
Subscript[i, 5] * Subscript[ B8, 61) / Subscript[ B, 6] -
(Subscript[b, 6] = Subscript[ 8, 5] + Subscript[i, 6] » Subscript[B, 5] -
Subscript[i, 5] = Subscript[ B, 6]) / Subscript[B, 6]}, 1}}
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Clear[restrictedMultidimensionalSuni; restrictedMultidimensionalSun{body_, k_, {Q_, M_}] :=
Module[ {bodyl, klterators},
bodyl = body /. Subscript[k, Q] » M - Sum[Subscript[k, j], {j, 1, Q - 1}1];
klterators = Table[ {Subscript[k, j], 0, M = Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q - 1}1;
If[Q === 1, body /. Subscript[k, j_] =» M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] 111
Quiet[ Simplify|
Table[{Residue[ (Product[Gamma[Subscript[b, j]1 - (Subscript[B, j] / Subscript[ 8, m]) » (Subscript[
i, m] + Subscript[b, m]) + Subscript[B, j1*x€1, {j, 1, m —u}] *
Product[Gamma[1l - Subscript[a, i] + (Subscript[a, i] / Subscript[B, m]) *
(Subscript[i, m] + Subscript[b, m]) - Subscript[a, i]*x€1, {i, 1, n} ] *
Product[Csc[ € = Pi+ Subscript[8, m - j + 111, {j, L, u}]) /
(z"e % (Product[Gamma[Subscript[a, i] — (Subscript[a, i] / Subscript[ B, m]) =
(Subscript[i, m] + Subscript[b, m]) + Subscript[a, i] x€],
{i, n+1, p}] *Product[Gamma[1l - Subscript[b, j] +
(Subscript[ B, j] / Subscript[ 8, m]) % (Subscript[i, m] + Subscript[b, m]) -
Subscript[B, jl x€], {j m-u+1,q9}])), {€, 0}]/
Module[{pp, qq, reso, res}, pplk_, u_, r_1 :=
restrictedMultidimensionalSunm Multinomial[ Sequence @@ Table[Subscript[k, i], {i, u} 1] *
Product[ ( ( (2" (2 * Subscript[k, j1) - 2) » Zeta[2 » Subscript[k, j11 *
(Pi*Subscript[B, m = j + 1]) " (2% Subscript[k, j1)) /
(2% Pi) M (2« Subscript[k, j1)) = Subscript[k, j1!, {j, u}1, k, {u, r}1];
qqlk_, u_1 := ((k! *27u) / (Pi*u=«Product[Subscript[B, m - j + 1], {j, 1, u}])) *
Sum[ ((-Log[z] )M (k=2%r) / (r' % (k-=2xr)!)) *pp[k, u, r], {r, 0, Floor[k/2]}1;
resO = (1/ (u-1)1") *Sum[Binomial[u -1, k] *(KroneckerDelta[u -1-Kk]/
(Product[ Gamma[Subscript[a, i] - (Subscript[a, i] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) 1],
{i, n+ 1, p}] *Product[Gamma[l - Subscript[b, j] + (Subscript[B, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) 1],
{jym-u+1,q}]) + UnitStep[u - k - 2] *
BellY[Table[{ (-1) Aj%j! % (Product[GammalSubscript[a, i] -
(Subscript[a, i] / Subscript[ 8, m]) * (Subscript[i,
m7] + Subscript[b, m]) ], {i, n + 1, p}] *Product]
Gammal[l - Subscript[b, j1 + (Subscript[B, j] / Subscript[B, m]) =
(Subscript[i, m] + Subscript[b, m]) ],
{i,m-u+1,q9}])"(-1-]j), Sum[Binomial[j, i] =
restrictedMultidimensionalSun{ Multinomial @@ Table[Subscript[k, j1, {j, p - n}] *
Product[Gamma[Subscript[a, j1 - (Subscript[a, j] /
Subscript[ 8, m]) = (Subscript[i, m] +
Subscript[b, m]) ] = Subscript[a, j] *Subscript[k, j - n] * (KroneckerDelta[ Subscript[k,

~11 . PAlV/IFTALla1T 1 Nali./ anana T
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J = 1] ] + DEUY| IdVlEL] {1, Fulywdilind]|
-1 + t, Subscript[a, j] - (Subscript[a, j] /
Subscript[ 8, m]) = (Subscript[i, m] + Subscript[b, m]) 1}, {t, Subscript[k, j - n1}11),
{,n+1,p}1, k
{p-n,i}] *restrictedMultidimensionalSun‘[
Multinomial @@ Table[Subscript[k, j]1, {j, 9 - m + u}] * Product[Gamma[1l - Subscript[b, j] +
(Subscript[ B, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) ] *
(-Subscript[ B, j1) *Subscript[k, j - m + u] * (KroneckerDelta[ Subscript[k, j - m + u]] +
BellY[Tablel[ {1, PolyGamma[-1 + t,
1 - Subscript[b, j] + (Subscript[B, j] /
Subscript[ 8, m]) = (Subscript[i, m] + Subscript[b, m]) 1},
{t, Subscript[k, j- m+ul}1l), {j, m-u+1,
atl, k {a-m+u, j-i}], {i, 0, j}]} /.
Tablel - Table /. BellY[{}] > 0, {j, u - k - 1}]]) *
Sum[Multinomial[i, j, k - i - j] « restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j], {j, m —u}] *
Product[ Gamma[Subscript[b, j] - (Subscript[B, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) ] = Subscript[ 8, j]*
Subscript[k, j] » (KroneckerDelta[ Subscript[k, j11 +
UnitStep[Subscript[k, j] - 1] = BellY[Tablel[ {1, PolyGamma[t - 1, Subscript[b, j1 - (Subscript]
B, j1 / Subscript[ 8, m]) = (Subscript[i, m] +
Subscript[b, m]) 1}, {t, Subscript[k, j1}11),
{i» L, m=-u}l, k, {m-u, i}] *restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, n} ] = Product[
Gammal[l - Subscript[a, j] + (Subscript[a, j] / Subscript[8, m]) =
(Subscript[i, m] + Subscript[b, m]) ] = (-Subscript[a, j]) *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j1] + UnitStep[Subscript[k, j] - 1] *
BellY[Tablel[ {1, PolyGamma[t - 1, 1 — Subscript[a, j] + (Subscript[a, j] / Subscript[B, m]) =
(Subscript[i, m] + Subscript[b, m]) 1},
{t, Subscript[k, j1}11), {j, 1, n}1, k, {n, J}] *
Derivative[k - i - J] [f31[01, {i, 0, k}, {J, 0, k}], {k, 0, u-1}] /. Tablel » Table /.
BellY[{}] > 1;
res = resO /. Derivative[s_.] [f3]1[0] = qq[s, u] /. f3[0] =
Limit[ (e ~uProduct[Csc[€ * PixSubscript[8, m - j + 1]], {j, 1, u}]) /z"re, € » 0];
res]}, {a, 6, 7}, {m, 4, 5}, {p, 4, 5},
{n, 1,3}, {u, 1, 3}]]]
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Clear[restrictedMultidimensionalSuni; restrictedMultidimensionalSun{body_, k_, {Q_, M_}] :=
Module[ {bodyl, klterators},
bodyl = body /. Subscript[k, Q] » M - Sum[Subscript[k, j1, {j, 1, Q - 1} 1];
klterators = Table[ {Subscript[k, j], 0, M = Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q - 1}1;
If[Q === 1, body /. Subscript[k, j_] = M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] 1] ]
Ans = Quiet[Simplify[Table[With[{m =6, n =1, p = 2, q = 7},
{Solve[Table[Subscript[b, m - j + 1] + Subscript[B, m = j + 1] s ==
—-Subscript[i, m - j + 1] + € % Subscript[8, m - j + 1], {j, u}1,
Union[ {s}, Table[Subscript[b, m - j + 11, {j, 2, u}1111011,
Simplify[ Residuel[ (Product][ Gamma[Subscript[b, j] + Subscript[8, j] *s], {j, 1, m}]
Product[Gamma[1l - Subscript[a, i] - Subscript[a, i] *s], {i, 1, n}]) /
(Product][ Gamma[Subscript[a, i] + Subscript[a, i] *s], {i, n + 1, p} ] * Product[Gamma[l -
Subscript[b, j] - Subscript[B, j] *s1, {j, m+ 1, q}]) /z"s, {€, 0},
Assumptions » {And @@ Flatten[Union[Table[ {Element[Subscript[i, m - j + 1], Integers] }, {j, 1,
u} 1, Table[ {Subscript[i, m —j+ 1] =20}, {j, 1, u}111}11 /.
Solve[Table[Subscript[b, m - j + 1] + Subscript[8, m — j + 1] *s ==
—-Subscript[i, m - j + 1] + € = Subscript[8, m - + 11, {j, u}l,
Union[ {s}, Table[Subscript[b, m - j + 11, {j, 2, u}111011,
zM ( (Subscript[b, m] + Subscript[i, m]) / Subscript[B8, m]) *
(=1) ASum[Subscript[i, m - j + 1], {j, 1, u}] *Pi’\u*Module[{pp, qq, res0, res},
pplk_, u_, r_] := restrictedMultidimensionalSum
Multinomial[ Sequence @@ Table[Subscript[k, i], {i, u} 11 =
Product[ ( ( (2" (2 * Subscript[k, j1) - 2) » Zeta[2 » Subscript[k, j11 *
(Pi*Subscript[B, m - j + 1]1) * (2% Subscript[k, j1)) / (2%Pi) (2 Subscript[k, j])) *
Subscript[k, j1 !, {j, u}1, k, {u, r}1;
qqlk_, u_] := ((k! *27u) / (Pi*u=«Product[Subscript[B, m —j + 1], {j, 1, u}])) *
Sum[ ((-Log[z]) A (k=2%r) / (r! % (k=2%r)!))*pp[k, u, r],
{r, 0, Floor[k/2]}1;
resO= (1/(u-1)1") *Sum[Binomial[u - 1, k] = (KroneckerDelta[u - 1 - k] /
(Product[Gamma[Subscript[a, i] - (Subscript[a, i] / Subscript[ g,
m1]) = (Subscript[i, m] + Subscript[b, m]) 1,
{i,n+ 1, p}] *ProductfGamma[1l - Subscript[b, j] + (Subscript[B, j] / Subscript[B, m]) =
(Subscript[i, m] + Subscript[b, m]) ],
{j,m-u+1,q}]) + UnitStep[u - k - 2] =
BellY[Table[{ (1) Aj*j! % (Product[ Gamma[Subscript[a, i] -
(Subscript[a, i] / Subscript[ 8, m]) * (Subscript[],
m1] + Subscript[b, m]) ], {i, n + 1, p} ] » Product]
Gammal[l - Subscript[b, j] + (Subscript[B, j] / Subscript[ 8, m]) = (Subscript[i, m] +
Subscript[b, m]) 1, {j, m - u + 1,
alYIYA(-1 - i), SumlRinomialli il «
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Qi N = ags mme e Ly
restrictedMultidimensionalSun{ Multinomial @@ Table[Subscript[k, j1, {j, p - n}] *
Product[ Gamma[Subscript[a, j] - (Subscript[a, j] /
Subscript[ 8, m]) * (Subscript[i, m] +
Subscript[b, m]1) ] = Subscript[a, j] *Subscript[k, j — n] = (KroneckerDelta[ Subscript[k,
j-n]] + Belly[Tablel[ {1, PolyGamma|
-1 + t, Subscript[a, j] - (Subscript[a, j] /
Subscript[ 8, m]) » (Subscript[i, m] + Subscript[b, m]) 1}, {t, Subscript[k, j-n]1}11),
{lhn+1,p}]l, k {p-n,i}]«
restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, 9 = m + u} ] * Product[Gamma[1l - Subscript[b,
j1 + (Subscript[ B, j] / Subscript[B, m]) *
(Subscript[i, m] + Subscript[b, m]) ] *
(-Subscript[ B, j1) *Subscript[k, j - m + u] * (KroneckerDelta[ Subscript[k, j - m + u]] +
BellY[Tablel[ {1, PolyGamma[-1 + t,
1 - Subscript[b, j] + (Subscript[B, j]/
Subscript[ 8, m]) * (Subscript[i, m] + Subscript[b, m]) 1}, {t, Subscript[k,
j-=m+ul}ll), {,m-u+1q}l,
k, {a-m+u j-i}], {i, o, j}]} /.
Tablel » Table /. BellY[{}] = 0, {j, u = k = 1}]]) » Sum][
Multinomialli, j, k - i - j] « restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, m = u}] *
Product[ Gamma[Subscript[b, j] - (Subscript[B, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) ] » Subscript[8, j1 "
Subscript[k, j] * (KroneckerDelta[ Subscript[k, j1] +
UnitStep[Subscript[k, j1 - 1] = BellY[Tablel[ {1, PolyGamma[t - 1, Subscript[b, j] -
(Subscript[ B, j] / Subscript[B, m]) *
(Subscript[i, m] + Subscript[b, m]) 1},
{t, Subscript[k, j13}11), {j, 1, m -u}l, k, {m -u,i}] *restrictedMultidimensionalSun[
Multinomial @@ Table[Subscript[k, j1, {j, n} ] *
Product[Gamma[1l - Subscript[a, j] + (Subscript[a, j] / Subscript[ 8, m]) x (Subscript[i, m] +
Subscript[b, m]1) ] = (-Subscript[a, j1)*
Subscript[k, j] * (KroneckerDelta[ Subscript[k, j]1] +
UnitStep[Subscript[k, j] - 1] = BellY[Tablel[ {1, PolyGamma[t - 1, 1 - Subscript[a, j] +
(Subscript[a, j] / Subscript[B8, m]) *
(Subscript[i, m] + Subscript[b, m]) ]},
{t, Subscript[k, j1}11), {}, 1, n}1, k, {n, j}] = Derivative[k - i - j][f3][0], {i, O, k},
{i» 0, k}], {k, 0, u-1}] /. Tablel » Table /. BellY[{}] - 1;
res = resO /. Derivative[s_.] [f3]1[0] = qq[s, u] /. f3[0] = Limit[ (€ u=Product]
Csc[€ = PixSubscript[B8, m - j + 1]], {j, 1, u}]) /z"e, € » 0]; res] /.
Solve[Table[Subscript[b, m —= j + 1] + Subscript[B, m - j + 1] *s ==



TalkAtICFDA-2024-Revision2.nb

—-Subscript[i, m - j + 1] + € = Subscript[B8, m - + 1], {j, u}1],
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}111L

1I}], {u 1, 53]]]

TableForm[FullSimplify[ Table[ {Ans[u, 11, Anslu, 21 /Anslu, 31}, {u, 1, 5}] /. Residuel » Residue] ]

TableForm[ { { {s » € - (Subscript[b, 6] + Subscript[i, 6]) / Subscript[B, 6]}, 1},
{{s » € - (Subscript[b, 6] + Subscript[i, 6]) / Subscript[B, 6],
Subscript[b, 5] » -Subscript[i, 5] +
( (Subscript[b, 6] + Subscript[i, 6]) » Subscript[B, 5]) / Subscript[B, 6]}, 1},
{{s > € - (Subscript[b, 6] + Subscript[i, 6]) / Subscript[B, 6], Subscript[b, 4] >
-Subscript[i, 4] + ( (Subscript[b, 6] + Subscript[i, 6]) * Subscript[B, 4]) / Subscript[B, 6],
Subscript[b, 5] » -Subscript[i, 5] +
( (Subscript[b, 6] + Subscript[i, 6] ) * Subscript[8, 5]) / Subscript[B, 6]}, 1},
{{s » € - (Subscript[b, 6] + Subscript[i, 6]1) / Subscript[ B8, 6], Subscript[b, 3] -
-Subscript[i, 3] + ( (Subscript[b, 6] + Subscript[i, 6]) * Subscript[B, 3]) / Subscript[B, 6],
Subscript[b, 4] »
-Subscript[i, 4] + ( (Subscript[b, 6] + Subscript[i, 6]) * Subscript[B, 4]) / Subscript[B, 6],
Subscript[b, 5] » -Subscript[i, 5] +
( (Subscript[b, 6] + Subscript[i, 6]) * Subscript[B, 5]) / Subscript[B, 6]}, 1},
{{s » € - (Subscript[b, 6] + Subscript[i, 6]1) / Subscript[ B, 6], Subscript[b, 2] >
-Subscript[i, 2] + ( (Subscript[b, 6] + Subscript[i, 6] ) * Subscript[B, 2]) / Subscript[B, 6],
Subscript[b, 3] »
-Subscript[i, 3] + ( (Subscript[b, 6] + Subscript[i, 6]) » Subscript[B, 3]) / Subscript[B, 6],
Subscript[b, 4] >
-Subscript[i, 4] + ( (Subscript[b, 6] + Subscript[i, 6]) * Subscript[B, 4]) / Subscript[B, 6],
Subscript[b, 5] » -Subscript[i, 5] +
( (Subscript[b, 6] + Subscript[i, 6] ) * Subscript[B, 5]) / Subscript[B, 6]}, 1}}]

Case of right u-th order poles
(TR, Gammal[b; + B;s]) M., Gamma[ 1 - a; - a;s] . { 1_an+|n}]
Z (S, — ==
(TF.p.1Gammala; +a;s]) MLy, Gamma[1-b; - B;s] a,

Residue[

“l+ap-in
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(u-1)1 k=0

KroneckerDelta[u -1 - k]

(ﬂf’:n_u+lGamma[ai _ Zlednly ai]) r|?=m+lGamma[1 -b; + 'I;L BJ-]

an

BellY[Table[{ [( ﬂ Gammal a; - o] ﬁ Gamma[1- by +

i=n-u+1 j=m+1

+ UnitStep[u-k-2]

l+an— n

Qan

-l+ay-ip,
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1o ER
,Bj]] ,ZBinomial[j,i][ Z Z KroneckerDelta[j—i, i kj]
i=0 ’ Kmor=0  kq=0 T jemel

d -l+a,-i
Multinomial[km,1, ..., Kq] H (Gamma[l_bﬁ# j]

j=m+1 an

(-B8;)" (KroneckerDelta[ kj] + UnitStep[kj - 1] BellY[Table[

{1, PolyGamma[t -1,1-bj+ L”_i” ,3,-]}, {t, kJ}]]))]

an
i i P
[ Z KroneckerDelta[i, Z kj] Multinomial[Kn_ys1, ---s Kp ]
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an
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0An+lsisp]A

—bj+leZN-————"—b;+1=0A

( B] (_an+in+ 1) ﬂ/ (_a17+in+ 1)
@y An

m+lsjsﬂ

Quiet|
Simplify[ Table[With[{m =1, n =6, p =7, q = 2},
{Solve[Table[1 - Subscript[a, n - j + 1] - Subscriptfa, n = j + 1] »s ==
—-Subscript[i, n = j + 1] - € *Subscript[a, n - j + 1], {j, u}1],
Union[ {s}, Table[Subscript[a, n = j + 11, {j, 2, u}]1110[17,
(Residuel[ (Product[ Gamma[Subscript[b, j] + Subscript[B, j] *s], {j, 1, m}] *
Product[Gamma[l - Subscript[a, i] - Subscript[a, i] *s], {i, 1, n}]) /
(Product[Gamma[Subscript[a, i] + Subscript[a, i] *s], {i,n + 1, p}] *
Product[Gamma[1l - Subscript[b, j]1 - Subscript[B, j] *s1, {j, m + 1, q}1) /z"s,
{€, 0}, Assumptions » {And @@
Flatten[Union[Table[ {Element[Subscript[i, n - j + 1], Integers] },
{j, 1, u} 1, Table[ {Subscript[i, n - j+ 1] 20}, {j, L, u}111}] /.
{s, (1 - Subscript[a, n] + Subscript[i, n]) / Subscript[a, n]} - {e€, O})/
(((z™( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) % (-1) "
(u + Sum[Subscript[i, n - j + 1], {j, 1, u}]) *Piru) / (u-1) ") %
Sum[Binomial[u - 1, k] = (KroneckerDelta[u - 1 - k] / (Product[Gamma[Subscript[a, i] -
( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[
a, n]) *Subscript[a, i]], {i,n-u+1, p}]*
Product[Gamma[1l - Subscript[b, j] + ( (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) = Subscript[ 8, j11,
{j, m+1,g}]) + UnitStep[u - k - 2] *
BellY[Table[{ (-1) Aj%j! % (Product[Gammal[Subscript[a, i] - ( (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) *
Subscript[a, i]], {i,n—u+ 1, p}] *
Product[Gamma[1l - Subscript[b, j] + ( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a,
n]) *Subscript[ B8, j11, {j, m + 1, q}1) " (-1 -j),
Sum[Binomial[j, i] « (Sum[KroneckerDelta[j - i, Sum[Subscript[k, jI, {j, m + 1, g} 1] *
Multinomial @@ Table[Subscript[k, j1,
{j, m + 1, q} ] = Product[
Gammal[l - Subscript[b, j] + ( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) *
Subscript[ B, j]]1 * (-Subscript[ B8, j1) *Subscript][
k, j1 » (KroneckerDelta[ Subscript[k, j1] +
BellY[Table[ {1, PolyGamma[-1 + k, 1 - Subscript[b, j] + ( (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) % Subscript[
R i11V [k Suhcrrintfl i1111 4
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UnitStep[-1 + Subscript[k, j11), {j, m + 1, q}1, ttttl] &) @@
Table[ {Subscript[k, j1, 0, j - i}, {j, m + 1, q}]*
(Sum [KroneckerDelta[i, Sum[Subscript[k, j],
{jyn=u+1,p}]]*=Multinomial @@ Table[Subscript[k, j1, {j, n = u + 1, p}] *Product][
Gamma/[Subscript[a, j] = ((-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) =
Subscript[a, j11 = Subscript[a, j] *Subscript[k, j] * (KroneckerDelta[ Subscript[k, j1] +
BellY[Table[ {1, PolyGamma[-1 + k,
Subscript[a, j] - ((-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) = Subscript[a, j11}, {k, Subscript[k, j1}]] *
UnitStep[ -1 + Subscript[k, j11),
{ibn-u+1p}], #H1] &) @@
Table[ {Subscript[k, j1, 0, i}, {j, n-u+1,p}], {i, 0, J}]}, {lhu-1-k}]]) =
Sum([Multinomial[i, j, k - i - j] *
(Sum[KroneckerDelta[i, Sum[Subscript[k, j], {j, 1, m}]] = Multinomial @@
Table[Subscript[k, j], {j, m}] * Product[ Gamma[Subscript|
b, j] = ((-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) * Subscript[ B, j1] * Subscript[ B, j] *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j]] +
BellY[Table[ {1, PolyGamma[ -1 + k, Subscript[b, j] -
( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) = Subscript[8, j11},
{k, Subscript[k, j1} 1] * UnitStep[-1 +
Subscript[k, j11), {j, 1, m}], HH1] &) @@
Table[ {Subscript[k, j1, 0, i}, {j, m}] =
(Sum[KroneckerDelta[j, Sum[Subscript[k, j1, {j, I, n - u}]]*
Multinomial @@ Table[Subscript[k, j], {j, n —u}] *
Product[Gamma[1l - Subscript[a, j] + ( (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) = Subscript[a, j]] *
(-Subscript[a, j1) *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j1] + BellY[Table[ {1, PolyGamma[-1 + k, 1 - Subscript[a, j] +
( (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) = Subscript[a, j11},
{k, Subscript[k, j1} 1] *UnitStep[-1 + Subscript[k, j11), {j, 1, n —u}], ttttl] &) @@
Table[ {Subscript[k, j], 0, j}, {i,n-u}]x*
((17 (Pi*u=Product[Subscriptfa, n - j + 1], {j, 1, u}])) «Suml[(((k - i - J) '« (-Log[z]) "
(k=i-j=2%r))/(k=T=j=2%r))=(1/r!) =
Suml[Join[ {KroneckerDelta[r, Sum[Subscript[k, j1, {j, 1, u}]] * Multinomial[
Sequence @@ Table[Subscript[k, i], {i, u}11 =
Product[ ( (2 (2" (2 * Subscript[k, j]) - 2) *
Zeta[2 = Subscriptlk, {11 *
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(Pi*Subscript[a, n = j + 1]) * (2% Subscript[k, j]1)) / (2*Pi) » (2% Subscript[k, j]1)) *
Subscript[k, j1 !, {j, u}1},
Table[ {Subscript[k, i], 0, r}, {i,u}111,
{r, 0, Floor[(k - i - ) /2]}]), {0, 0, k}, {, 0, k}], {k, 0, u - 1}])} /.
Suml[uu_List] =» Suml[Sequence @@ uu] /. Suml -» Sum /.
Solve[Table[1 - Subscript[a, n = j + 1] - Subscript[a, n = j + 1] s ==
—-Subscript[i, n - j + 1] - € » Subscript[a, n - j + 1], {j, u}l,
Union[ {s}, Table[Subscript[a, n - j + 1], {j, 2, u}1111[
11], {u, 1, 2} ] /. Residuel » Residue] /. Gamma[l + (w_)] = w!]

{{{ (1 - Subscript[a, 6] + Subscript[i, 6] + € = Subscript[a, 6]) / Subscript[a, 6] -
(1 - Subscript[a, 6] + Subscript[i, 6] + € * Subscript[a, 6]) / Subscript[a, 6]}, 1},
{{ (1 - Subscript[a, 6] + Subscript[i, 6] + € = Subscript[a, 6]) / Subscript[a, 6] -
(1 - Subscript[a, 6] + Subscript[i, 6] + € = Subscript[a, 6]) / Subscript[a, 61,
1 + Subscript[i, 5] + ( (-1 + Subscript[a, 6] - Subscript[i, 6]) = Subscript[a, 5]) / Subscript[a, 6] -
1 + Subscript[i, 5] + ( (-1 + Subscript[a, 6] - Subscript[i, 6]) = Subscript[a, 5]) /
Subscript[a, 6]}, 1}}
Clear[restrictedMultidimensionalSuni; restrictedMultidimensionalSun{body_, k_, {Q_, M_}] :=
Module[ {bodyl, kiterators},
bodyl = body /. Subscript[k, Q] » M - Sum[Subscript[k, j1, {j, 1, Q - 1} 1];
kiterators = Table[ {Subscript[k, j], 0, M = Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q - 1}1;
If[Q === 1, body /. Subscript[k, j_] = M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] 1] ]
Quiet[ Simplify|
Table[{Residue[ (Product[Gamma[Subscript[b, j1 - (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n] + Subscript[B, jl1 *€1, {j, 1, m} ] *
Product[Gamma[l - Subscript[a, i] + (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n] -
Subscript[a, i] *€], {i, 1, n —u}] *
Product[Csc[ € = Pix Subscript[B8, m - j+ 111, {j, 1, u}]) /
(zMe » (Product[ Gamma[Subscript[a, j] - (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n] + Subscript[a, jl *€], {j, n —u + 1, p}] *
Product[Gamma[1l - Subscript[b, j] + (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n] -
Subscript[B, jl €], {j, m+1,q}]1)), {€,0}] -
Module[{pp, qq, reso0, res}, pplk_, u_, r_1 :=
restrictedMultidimensionalSun Multinomial[ Sequence @@ Table[Subscript[k, i], {i, u} 1] *
Product[ ( ( (2" (2 = Subscript[k, j1) - 2) »Zeta[2 » Subscript[k, j1]1 *
(Pi*Subscript[8, m —= j + 1]) * (2% Subscript[k, j])) /
(2% Pi) " (2%Subscript[k, j1)) *=Subscript[k, j1!, {j, u}1, k, {u, r}1;
qq[k_, u_] := ((k!*27u) / (Pi*u=xProduct[Subscript[8, m - j+ 1], {j, 1, u}])) =
Sum[ ((-Log[z])A(k=2%r) / (r' % (k-2xr)!)) *pp[k, u, r], {r, 0, Floor[k/2]}1;

- r— .. -
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reso = (1/ (u-1)!)*Sum|Binomiallu - 1, K]  (Kroneckerbeltalu - 1 - k] /

(Product[ Gamma[Subscript[a, j] - (-1 + Subscript[a, n] -

Subscript[i, n]) / Subscript[a, n]], {j, n —u+ 1, p}] *
Product[Gamma[l - Subscript[b, j] + (-1 + Subscript[a, n] - Subscript[i, n]) /

Subscript[a, n]11, {j, m + 1, q}]) + UnitStep[u - k - 2] *

BellY[Table[{ (-1) Aj%j! % (Product[Gamma([Subscript[a, j] - (-1 + Subscript[a, n] - Subscript]
i, n]) /Subscript[a, n]], {j n-u+1,p}]=*
Product[Gamma[1l - Subscript[b, j] +

(-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]]1, {j, m + 1, q}])"(-1 - J),

Sum[Binomial[j, i]  restrictedMultidimensionalSun{

Multinomial @@ Table[Subscript[k, j1, {j, p - n + u}] * Product[ Gamma[Subscript[a, j] -
(-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]] x Subscript[a, j] *
Subscript[k, j - n + u] » (KroneckerDelta[ Subscript[k, j - n + u] ] + BellY]
Tablel[ {1, PolyGamma[-1 + t, Subscript[a, j] -
(-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]1}, {t, Subscript[k, j-n+u]l}]]), {i,n-u+1,p}l,k, {p-n+u,i}]=*
restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j],
{j, 9 = m}] »Product[Gamma[1l - Subscript[b, j] + (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]] *
(-Subscript[ B, j1) "Subscript[k, j - m] *
(KroneckerDelta[ Subscript[k, j - m]] + BellY[Tablel[ {1, PolyGammal[t - 1,
1 - Subscript[b, j] + (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n] ]},
{t, Subscript[k, j - m1}11), {j, m+1,q}1, k, {q - m, j- it], {i, o, J}]} /.
Tablel » Table /. BellY[{}] = 0, {j, u -k - 1}]]) *
Sum[Multinomial[i, j, k - i - j] « restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, m}] *
Product[ Gamma[Subscript[b, j] - (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]] * Subscript[ B, j] *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j1] + UnitStep[Subscript[k, j] - 1] *
BellY[Tablel[ {1, PolyGammal[t - 1, Subscript[b, j] - (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n] 1},
{t, Subscript[k, j1}11), {j, 1, m}1, k, {m, i}]
restrictedMultidimensionalSun{Multinomial@@ Table[Subscript[k, jl, {j, n —u}] =
Product[Gamma[1l - Subscript[a, j] +
(-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n] ] *
(-Subscript[a, j1) *Subscript[k, j] *
(KroneckerDelta[ Subscript[k, j] ] + UnitStep[Subscript[k, j] - 1] *
RellVITahle1T f1 PaluGammalt — 1 1 — Suheerintla i1 4
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(-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n] ]}, {t, Subscript[k, j1}11), {j, 1,
n-u}l, k {n-u, j}]=Derivative[k - i - j][f3]1[0], {i, 0, k}, {j,

0, k}], {k, 0, u - 1}] /. Tablel -» Table /. BellY[{}] - I;
res = res0O /. Derivative[s_.] [f3] [0] = qq3[s, u] /.
f3[0] = Limit[ (e *u=* Product[Csc[€ % Pix Subscript[B8, m - j+ 111, {j, 1, u}]) /z e, € » 0];
res]}, {a, 4, 5}, {m, 1, 3}, {p, 6, 7}, {n, 4,5}, {u, 1, 3}]]]
Clear[restrictedMultidimensionalSuni ; restrictedMultidimensionalSun{body_, k_, {Q_, M_}] :=
Module[ {bodyl, kiterators},
bodyl = body /. Subscript[k, Q] » M - Sum[Subscript[k, j1, {j, 1, Q - 1}1];
klterators = Table[ {Subscript[k, j], 0, M = Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q - 1}1;
If[Q === 1, body /. Subscript[k, j_] = M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] 1] ]
Ans = Quiet[Simplify[Table[With[{m =1, n =6, p = 7, q = 2},
{Solve[Table[l - Subscript[a, n - j + 1] - Subscript[a, n = j + 1] s ==
-Subscript[i, n = j + 1] - € % Subscript[a, n - j + 11, {j, u}1l,
Union[ {s}, Table[Subscript[a, n - j + 11, {j, 2, u}1110[11,
Simplify[ Residuel[ (Product][ Gamma[Subscript[b, j] + Subscript[B, j] *s], {j, 1, m}] %
Product[Gamma[1l - Subscript[a, i] - Subscript[a, i] *s], {i, 1, n}1) /
(Product[Gamma[Subscript[a, i] + Subscript[a, i] *s], {i, n + 1, p} ] * Product[Gamma[l -
Subscript[b, j]1 - Subscript[B, j] *s1, {j, m + 1, q}]) /z"s, {€, 0},
Assumptions » {And @@ Flatten[Union[Table[ {Element[Subscript[i, n - j + 1], Integers] }, {j, 1,
u} ], Table[ {Subscript[i, n - j+ 1] =20}, {j, L, u}111}11 /.
Solve[Table[1 - Subscript[a, n - j + 1] - Subscript[a, n —= j + 1] s ==
—-Subscript[i, n - j + 1] - € » Subscript[a, n - j + 11, {j, u}l,
Union[ {s}, Table[Subscript[a, n - j + 1], {j, 2, u}1111[
11, z* ( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) =*
(=1) A (u + Sum[Subscript[i, n — j + 1], {j, 1, u}]) *Pi*u=*
Module[ {pp, qq, res0, res}, pp[k_, u_, r_] := restrictedMultidimensionalSun{
Multinomial[ Sequence @@ Table[Subscript[k, i], {i, u}]] *
Product[ ( ( (2" (2 % Subscript[k, j1) - 2) xZeta[2 » Subscript[k, j1] *
(Pi* Subscript[a, n = j + 1]) (2 % Subscript[k, j])) /
(2% Pi) A (2% Subscript[k, j1)) *Subscript[k, j1!, {j, u}l, k, {u, r}1;
qqlk_, u_] := ((k!*27u) / (Pi*u=*Product[Subscript[a, n - j + 1], {j, 1, u}])) *
Sum|[ ((-Log[z]) (k=2%r) / (r! % (k=-2%r)!))*pp[k, u, r],
{r, 0, Floor[k/2]}1;
resO= (1/ (u-1)1") *Sum[Binomial[u -1, k] = (KroneckerDelta[u - 1-k]/ (Product[Gamma]|
Subscript[a, j] - ( (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) = Subscript[a, j]11,
{jy n-u+1,p}] +xProduct[Gamma[l - Subscript[b, j] +
( (-1 + Subscript[a, n] - Subscript[i, n]) /
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Subscript[a, n]) = Subscript[B, j11, {j, m+ 1, q}]) +

UnitStep[u - k - 2] = BellY[Table[{ (-1) Aj#j!* (Product[Gamma[Subscript[a, j] - ((-1 +
Subscript[a, n] - Subscript[i, n]) / Subscript[a,
n]) =Subscript[a, j11, {j, n-u+ 1, p}]=*

Product[Gamma[l - Subscript[b, j] + ( (-1 + Subscript[a, n] - Subscript[i, n]) /
Subscript[a, n]) = Subscript[ B, j11,
{,m+1,q}1) (-1~ ),
Sum[Binomial[j, i] = restrictedMultidimensionalSunf Multinomial @@ Table[Subscript[k, j1,

{i, p-n+u}] *Product[Gammal|
Subscript[a, j] - ( (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) *Subscript[a, j]] *
Subscript[a, j] *Subscript[k, j — n + u] =
(KroneckerDelta[ Subscript[k, j = n + u] ] + BellY[
Tablel[ {1, PolyGamma[-1 + t, Subscript[a, j] - ( (-1 + Subscript[a, n] - Subscript[i,
n]) / Subscript[a, n]) % Subscript[a, j]]},
{t, Subscript[k, j-n+ul}ll),
{i,n-u+1,p}l, k {p-n+u,i}] «restrictedMultidimensionalSunj
Multinomial @@ Table[Subscript[k, j1, {j, g - m}] *
Product[Gamma[1l - Subscript[b, j] +
( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) = Subscript[B, j]] *
(-Subscript[ B8, j1) *Subscript[k, j - m] *
(KroneckerDelta[ Subscript[k, j - m]] +
BellY[Tablel[ {1, PolyGamma[t - 1, 1 - Subscript[b, j] + ( (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) % Subscript[
B, i11}, {t, Subscript[k, j -m]}]1]),
{i,m+1,q}1, k {q-m, j- it], {i, o, J}]} /. Tablel » Table /. BellY[{}] = O,
{i, u =k =1}]]) » Sum[Multinomial[i, j, k - i - j] =
restrictedMultidimensionalSun{ Multinomial @@ Table[Subscript[k, j], {j, m}] *
Product[ Gamma[Subscript[b, j] - ( (-1 + Subscript[a, n] -
Subscript[i, n]) / Subscript[a, n]) =
Subscript[ B8, j11 = Subscript[ 8, j] *Subscript[k, j] * (KroneckerDelta[ Subscript[k, j1] +
UnitStep[Subscript[k, j] - 1]
BellY[Tablel[ {1, PolyGammalt - 1, Subscript[b, j] -
( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) = Subscript[B, j1]1},
{t, Subscript[k, j1}11),
{i» I, m}1, k, {m, i}] *restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, n = u}] * Product]
Gammal[l - Subscript[a, j] + ( (-1 + Subscript[a, n] - Subscript[
i, n]) / Subscript[a, n]) % Subscript[a, j]] *
(-Subscript[a, j1) *Subscript[k, j] * (KroneckerDelta[ Subscript[k, j1]1 +

IInitQtanl Qitherrintlile i1 - 11 o
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BellY[Tablel[ {1, PolyGamma[t - 1, 1 - Subscript[a, j] +
( (-1 + Subscript[a, n] - Subscript[i, n]) / Subscript[a, n]) = Subscript[a, j1]},
{t, Subscript[k, j1}11),
{i, L, n - u}1, k {n - u, j}] = Derivative[k - i - j][f3] [
01, {i, 0, k}, {j, 0, k}], {k, 0, u - 1}] /. Tablel » Table /. BellY[{}] —» 1;
res = res0 /. Derivative[s_.] [f3] [0] = qq[s, u] /.
f3[0] = Limit[ (e ~u=*Product[Csc[€ % Pi*Subscriptfa, n - j+ 111, {j, 1, u}l) /z"e, € > 01];
res] /.
Solve[Table[1 - Subscript[a, n - j + 1] - Subscript[a, n — j + 1] *s ==
—Subscript[i, n - j + 1] - € » Subscript[a, n - j + 1], {j, u}l,
Union[ {s}, Table[Subscript[a, n - j + 1], {j, 2, u}111L
1], (v, 1, 53]]]
Table[ {Anslu, 11, Ansl[u, 21 /Anslu, 31}, {u, 1,5} ] /. Residuel— Residue / / FullSimplify / / TableForm

TableForm[ {{{s » € + (1 - Subscript[a, 6] + Subscript[i, 6]) / Subscript[a, 6]}, 1},
{{s » € + (1 - Subscript[a, 6] + Subscript[i, 6]) / Subscript[a, 61,
Subscript[a, 5] - 1 + Subscript[i, 5] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) = Subscript[a, 5]) / Subscript[a, 6]}, 1},
{{s > € + (1 - Subscript[a, 6] + Subscript[i, 6]1) / Subscript[a, 61,
Subscript[a, 4] - 1 + Subscript[i, 4] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) * Subscript[a, 4]) / Subscript[a, 6],
Subscript[a, 5] - 1 + Subscript[i, 5] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]1) %= Subscript[a, 5]1) / Subscript[a, 61}, 1},
{{s » € + (1 - Subscript[a, 6] + Subscript[i, 6]) / Subscript[a, 6],
Subscript[a, 3] - 1 + Subscript[i, 3] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) * Subscript[a, 3]) / Subscript[a, 6],
Subscript[a, 4] - 1 + Subscript[i, 4] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]1) * Subscript[a, 4]1) / Subscript[a, 6],
Subscript[a, 5] - 1 + Subscript[i, 5] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]1) *Subscript[a, 5]1) / Subscript[a, 61}, 1},
{{s > € + (1 - Subscript[a, 6] + Subscript[i, 6]1) / Subscript[a, 61,
Subscript[a, 2] - 1 + Subscript[i, 2] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]1) * Subscript[a, 2]) / Subscript[a, 6],
Subscript[a, 3] = 1 + Subscript[i, 3] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) * Subscript[a, 3]) / Subscript[a, 6],
Subscript[a, 4] - 1 + Subscript[i, 4] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) * Subscript[a, 4]) / Subscript[a, 6],
Subscript[a, 5] » 1 + Subscript[i, 5] +
( (-1 + Subscript[a, 6] - Subscript[i, 6]) * Subscript[a, 5]) / Subscript[a, 6]}, 1}}1]



84 | TalkAtICFDA-2024-Revision2.nb

Residues of Meijer’s ratios of gamma functions

Case of left simple poles

(The;Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 275, {s, -b; - u} ] ==

(Th-n.1Gammals+ax]) Mi_m, Gammall-s - by]

(-1)" (The,Gammal[-u=-b;+by]) Th.;Gamma[l+u-ag+b;]

Zu+b1 /;
ul (Meen,:Gammal-u+ayx-bi]) T m.,; Gammall+u+b; - by]
u e Integers&&u 2 0&& -b; + bj ¢ Integers&&2 < j<m&&! (aj-b; e Integers&&-1+aj-b; 20) &&
1<j<n&&! (u-aj+b; elintegers&&u—-aj+b; 20)&&N+1<j<p&&
I (-u-b;+bjelintegers&&-1-u-b;+b;j20)&&m+1<j<q
[ T TS+ b)) Tl T(=s—ar + 1) D AR Tu—by + b)) [ T —ag + by + 1)
Ies|
(Thzpa1 TG + @) ey T(=s =B + 1) ul ([=per Tt + ag = b)) TH_ iy T + by — b + 1)
ueNAb;j—by¢ZAN2<j<mAhaj-b-1¢NANl<j<nA
—aj+bi+ugNAn+1<j<pAb;j-bi-u-1¢NAm+l=<j=<gq

Zh1+u /’

Z_Sa {Sa _bl - u}) =

(Table[{Residue[ (Th.,Gamma(1-5-2¢)) fieyGammals+by] z7%, {s, -b; - u}, Assumptions— {u € IntegersAu =0} ]/

(ﬂfzmlGamma[s+ak] ) M. m.1Gamma[1l-s-by]

(-1)" (Th.;Gammal[l+u-ayx+b;]) Mi,Gammal-u-by+by] _,,p
(u! (]‘[ﬁ:mlGamma[—mak—bl])]‘[ﬂ:m+1Gamma[l+u+b1—bk] z 1)}’ {m, 3}, {n, 0,2}, {p,n, 4}, {q, m, 4} ] I
Simplify[H, Assumptions— {k € Integers} ] &) /1 Simplify[&, Assumptions— {u e Integershnu=0}] &

(Th.,Gamma[l-s-ax]) Mi;Gamma[s+by]

(ﬂﬁ:mlGamma[smk] ) Mhm.Gamma[l-s-by]

(Table[{Residue[ z7%, {s, -b; —u}, Assumptions— {u e Integershnu =0} ]/

(GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ah {i7n+l, p}];Tablell_bi: {IJ m+1’ q} ] }7 {bl; l,U},Z] )}: {ma3}7
{n, 0,2}, {p,n, 4}, {q, m,4}] /| Simplify[H, Assumptions— {k e Integers} ] &) /1

Simplify[H, Assumptions— {u e Integershnu=20}] &
(Th.;Gammal[l-s-ax]) T, Gammals + by]

Residue[ 2%, {s, -b; -u} ] ==

(Th-n.: Gammals +ax]) Th_m,1 Gamma[1l-s - by]
GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,q}1}, {by,1,u},z] /;
u e Integers&&u 2 0&& -b; + bj ¢ Integers&&2 <j<m&&! (aj-b; e Integers&&-1+aj-b; 20) &&
1<j<n&&! (u-aj+b; elintegers&&u—-aj+b; 20)&&N+1<j<p&&
I (-u-b;+bjelintegers&&-1-u-b;+b;j20)&&m+1<j<q
(THo T+ b)) [Ho T=s —ar + 1) )
res z%, {s, —by — u} | = GammaResidueLeft({Table[b;, {i, m}], Table[1 — a;, {i, n}1},
(Thzpa1 TG + @) ey T(=s =B+ 1)
{Table[a;, {i, n + 1, p}], Table[1 —b;, {i, m+ 1, g}1}, {b1, 1, u}, 2) ueNADb;—b1 ¢ ZAN2 < j<mA
aj—b—1¢NAl<j<nA-a;j+bi+u¢eNAn+l<j<pAbj—-b—u-1¢NAm+1=<j=<gq
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(Th.,Gamma[1l-s-ax]) Mi;Gamma[s+by]

(ﬂﬁ:mlGamma[smk] ) Mh-m.1Gamma[l-s-by]

(Table[{Residue[ z7%, {s, -b; —u}, Assumptions— {u e Integershnu =0} ]/

( (-1)Y (Th.,Gamma[l+u-a,+b; 1) TH,Gamma[ -u-b;+by]

ut (ﬂﬁ:mlGamma[—mak—bl] ) Mh-m.1Gamma[l+us+b;-by]

z“*bl)}, {m, 3}, {n, 0,2}, {p,n, 4}, {q, m, 4} | //

Simplify[H, Assumptions— {k e Integers} ] &) /| Simplify[H, Assumptions— {u e Integershnu=0}] &

(Th..Gammal[l-s-ax]) T,Gammal[s+by]

(Table[{Residue[ 2%, {s, -b; —u}, Assumptions— {u e Integersnu =0} ]/

(Mh-ns1Gammars+ax] ) Tiom.iGamma[l-s-by]
(GammaResidueleft[ {Table[b;, {i,m} ], Table[1-aj, {i,n}]},
{Table[ai7 {|7 n+ l) p}]; Table[l_ bi: {I: m + l> q} ] }7 {b17 l) U}, Z] )}; {m: 3}7
{n, 0,2}, {p,n, 4}, {q, m, 4}] /1 Simplify[&, Assumptions— {k e Integers} ] &) /1

Simplify[H, Assumptions— {u e Integershnu=0}] &

Case of right simple poles

(T, Gamma([s +byg]) Th.y Gammal[l -s - a]
Residue[

Z_s, {S,l—a1+u}] ==
(Th-n.1 Gammal[s +ax]) Th_m,1 Gamma[1l-s - by]

(-=1) U (T, Gamma[l+u-a;+byx]) Th,Gammal-u+a; - ay]
z

-1l-u+a; / .
)

u! (Then,1Gammall+u-a;+ax]) Th.m,.Gammal-u+a; - by]
u e Integers&&u 2 0&&a; - aj ¢ Integers&&2 <j<n&&! (a; - bj e Integers&&-1+a; - b; 20) &&
1<j<m&&! (u-a;+bjelintegers&&u-a; +b;20)&&m+1<j<q&&
I (-u+a;-ajelintegers&&-1-u+a;-a;20)&&n+1<js<p

[ T+ b)) [Tio T(=s —ap + 1) (—l)“_1 (W Tw—a; + b+ D) [ T(—u+ay —ag)
res; Z
(

a;—u-1 /
9

z% A -a; +u) =
[lhap1 TG + @) THe i T(=s = b + 1) ul (M1 T = ay + ag + 1) [Ty T(=u+ ay = by)

ueNAay—a;j ¢ ZN2<j<nha;-b;—1¢&NAl<j<mA
—aj+bj+ugNAm+l<j<gh-aj+a-u-1¢NAn+l<j=<p

z7° (Th.;Gamma[1l-s-ax]) Mi;Gamma(s+by]

(Table[{Residue[ , {s,1+u-a;}, Assumptions— {u e Integersau = 0}]/

(ﬂﬁzmlGamma[mak] ) Mhm.Gammaql-s-by]

(-1) MU z-l-wa (g Gammal -u+a;-ax]) M ;Gamma(l+u-a; +by] }
( ut (ﬂﬁ:mlGamma[l+u—a1+ak])]‘[ﬂ:deamma[—mal—bk] ) » {m, 0,2}, {n, 2}, {p,n, 4}, {q, m, 4} ] i
Simplify[H, Assumptions— {k e Integers} ] &) /| Simplify[&, Assumptions— {u e Integershnu=0}] &

z7° (Mh.;Gamma(l-s-ax]) Mi;Gamma(s+by]

(ﬂﬁ:mlGamma[smk] ) Mhm.1Gamma[l-s-by]

(Table[{Residue[ , {s,1+u-a;}, Assumptions— {u e Integersnu =0} ]/

(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ah {i7n+l, p}]:Table[]-_bi: {IJ m+1: q} ] }7 {l_ala 17U}7Z] )}7
{m, 0,2}, {n,2}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k € Integers} ] &) /1

Simplify[H, Assumptions— {u e Integershnu=20}] &
(T Gammal[s +by]) Ty Gammal[l -s - ag]

Residue[ 77, {s,1-a1+u}] ==

(Th-n.1 Gammal[s +ax]) Th_m,1 Gamma[1l-s - by]
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GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,q}1}, {1-a;,1,u},z] /;
u e Integers&&u 2 0 &&a; - aj ¢ Integers&&2<j<n&&! (a; - bj e Integers&&-1+a; - b; 20) &&
1<j<m&&! (u-a;+bjelintegers&&u-a;+b;20)&&m+1<j<q&&
I (-u+a;-ajelintegers&&-1-u+a;-a;20)&&n+1<j<p
[ TFa T+ b)) [hoy T=s —ar+ ) . . . .
resg z7 (1 = a1 + u) == GammaResidueRight({Table[b;, {i, m}], Table[1 — a;, {i, n}]},
(M=t TG + @) e T(=s =B + 1)
{Table[a;, {i, n+ 1, p}], Table[1 - b;, (i, m+ 1, @)1}, {1 —a1, 1, u},2) jueNAai-a; ¢ ZN2<j<nA
aj-bj—1¢NAl<j<mA-a;+bj+u¢eNAm+1l<j<gAh-a;j+a;-u-1¢NAn+l<j<p

. s _,G 1-s- .G b .
(Table[{Resndue[ (Zﬂp(rmgar::?[asiaksl )ark[ﬁ])w;a;?;;al[s; bkk]], {s,1+u-a;}, Assumptions— {u e Integersau =0} ]/
k=n+1 =m+1 B

( (-1) "tz Gammaf-u+a;-ax]) ML, Gammall+eu-a; +by]

ut (ﬂﬁ:mlGamma[l+u—a1+ak] ) M.m.Gammaj-u+a;-by]

)}, {m, 0,2}, {n, 2}, {p,n, 4}, {q, m,4}] /1

Simplify[H, Assumptions— {k € Integers} ] &) /I Simplify[&, Assumptions— {u e Integershnu=0}] &

. S (TP.,G 1-s- .G b .
Table[{Remdue[ 2 (Tl Gommal1-s-2u] ) My GaMMals+ bul , {s,1+u-a;}, Assumptions— {u e Integersnu =0} ]/
(ﬂﬁ:mlGamma[swk])]‘[ﬂ:mlGamma[l—s—bk]

(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ah {i7n+l, p}];Tablell_bi: {IJ m+1: q} ] }7 {l_ala 17U}7Z] )}7
{m, 0,2}, {n,2}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k € Integers} ] &) /1

Simplify[H, Assumptions— {u e Integershnu=20}] &

Case of left double poles

(T Gammal[s+by]) T.; Gammal[l-s-ag]

Residue[ 2%, {s, -by, —u} ] ==

(Th-n.1Gammals+ax]) Mi_m,: Gamma[l-s - by]

(=1) PPz zu+b2 (T Gamma[l+u-ay+b,y]) (TH;Gamma[-u—-b,+by])

ul (u=by+by) ! (Th.n,iGammal-u+ax-by1) M, Gammall+u+b, - by]

-Log[z] + PolyGamma[0,1+u] + PolyGamma[0,1+u-b; +b,] -

P n
Z PolyGamma[0, —u+ax-by] - ZPolyGamma[O, l+u-ag+by] +
k=n+1 k=1

q m
Z PolyGamma[0, 1+ u+b; - by] +ZPolyGamma[0,—u—b2+bk] /;
k=m+1 k=3

-b; +b; e Integers&& -b; + b, 2 0&&u e Integers&&u = 0&& -b; + bj ¢ Integers&&
3<j<m&&! (aj-b; elntegers&&-1+aj-b,20)&&1<j<n&&
! (u-aj+b, elntegers&&u-aj+b, 20)&&n+1<j<p&&
I (-u-by+bjelntegers&&-1-u-b, +b;20)&&m+1<j<q
T T+ b)) [T T(=s—ap+ 1) .

res| z5 s, =by —u}| =

(nll(]:nﬂ I(s+ ak)) rIZ:mH [(-s—br+1)
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(= P2 Zhor ([P T~ — by + b)) [Tie T — ag + by + 1)

P n
- VOCu+ar-b)— > vQu—ap +by+ D+
ul (=by + by + 1) (T T~ + ag = b2)) Ty T+ by — by + 1) k:%:l ,;

q m
Z VO +by b+ 1)+ Zw«))(—u —by+ b))+ O —by + by + D)+ Q@+ 1) - log(z) | /;
k=m+1 =3

by—-beNAueNAb;j-b¢ZA3<j<mAaj-by-1¢NAl<j<nA-aj+by+ug¢NA
n+l<j<pAbj-by-u-1¢NAm+ls<j=<gq

Assuming[ b, =b; +h,

. _,Gamma[l-s-a ,Gammal[s+b _ .
Table[{Readue[ (T [ k]q) M Lo, %, {s, -by —u}, Assumptions— {u e Integershnu=0A
(Mhens1Gammals+ax]) Tim,1Gammal 1-s-by]

(-1) ~Pr+b2 2U+b2 (7 Gammal[l+u-ax+b,]) (Mi;Gammal -u-b,+by])

ut (u-by+by)! (nﬁ:mlGamma[—mak—bz] ) Mh.m.1Gammafl+u+b,-by ]

helntegerS/\hZO}]/(
(-Log[z] +PolyGammal[0,1+u] + PolyGamma[0,1+u-b;+b,] -
Shn.1 PolyGamma[0, —u +ay - b, ] - 5, PolyGamma[0, 1+ u-ay +b,] +

Y- m.1 PolyGammal[0, 1+ u+b,-by] + 3 PolyGammal0, —u - b, + by] ))}, {m, 2,4},

{n, 0,2}, {p,n, 4}, {q, m,4}] /| Simplify[#, Assumptions— {k e Integers} ] &) /1

Simplify[H, Assumptions— {u e Integershnu20Ah e Integershnh =20} ] &] 11
Simplify[

H,

Assumptions—

{uelintegershu=20Ahelntegersnh20}] &

Assuming[ b, =b; +h,

. .G 1-s- .G b _ .
Table[{Remdue[ (M. Gammal1-s-ac] ) M.y Gamma(s+by] z%, {s, -b, —u}, Assumptions— {u e Integershnu=20A
(Mhns1Gammals+ax] ) Tiim,1Gammall-s-by]

h e Integersanh = O}]/ (GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1 - aj,
{i5 n} ] }: {Table[ai: {i’n+l’ p}]:Table[l_bi’ {|,m+1:CI}] }7 {b27 2: U},Z] )}:
{m, 2,4}, {n, 0,2}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k € Integers} ] &) /1

Simplify[H, Assumptions— {u e IntegersAu =0} ] &] /1
Simplify[H, Assumptions— {u e Integershnu=0Ah e Integershnh20}] &
(T Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 275, {s, -b, - u} ] ==

(Th-n.1Gammals +ax]) Mi_m,: Gammall-s - by]
GammaResidueleft[ {Table[b;, {i,m}], Table[1-3a;, {i,n}]},
{Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,9}]1}, {by,2,u},z] /;
-b; +b; e Integers&&-b; + b, 20&&u e Integers&&u 2 0&& -b; + bj ¢ Integers&&3 <j<m&&
! (aj- b, eIntegers&&-1+aj-b, 20)&&1<j<n&&! (u-aj+b, eIntegers&&u-aj+b, 20)&&
N+1<j<p&&! (-u-by+bjelintegers&&-1-u-b,+bj20)&&m+1<j<q
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=S

z7%, {s, —by — u} | = GammaResidueLeft(

[ (1‘]}:7:1r(s+bk))1‘]}§:1r(—s—ak+1)
res|
(Tt T8 + @) THo iy T(=5 = b + 1)
{Table[b;, {i, m}], Table[1 — a;, {i, n}]}, {Table[a;, {i, n + 1, p}], Table[1 — by, {i, m + 1, g}I}, {b2, 2, u}, 2) /;
by—-beNAueNAb;j-b¢ZA3<j<mAaj-by-1¢NAl<j<nA-aj+by+ug¢NA
n+l<j<pAbj-by-u-1¢NAm+l=<j=<gq

Assuming[ b, =b; +h,

. _;Gamma[l-s-a ,Gammal[s+b _ .
Table[{Readue[ (e [ k]q) M Lo, %, {s, -by —u}, Assumptions— {u e Integershnu=0A
(nf:mlGamma[s+ak])r[k:m*lGamma[l—s—bk]

(-1) P12 2U+b2 (7 Gammal[l+u-ax+b, 1) (M;Gammal -u-b,+by])

ut (u-by+by)! (nﬁ:mlGamma[—mak—bz] ) Mh.m.1Gammafl+u+b,-by ]

helntegerS/\hZO}]/(
(-Log[z] +PolyGammal[O0,1+u] + PolyGamma[0,1+u-b;+b,] -
Shon.1 PolyGamma[0, —u +ay - b, ] - 5, PolyGamma[0, 1+ u-ay +b,] +

Y- m.1 PolyGammal[0, 1+ u+b, -by] + i3 PolyGammal0, —u - by + by] ))}, {m, 2,4},

{n,0,2}, {p,n, 4}, {q, m,4}] /| Simplify[#, Assumptions— {k e Integers} ] &) /1

Simplify[#, Assumptions— {u e IntegersAu20Ah e Integershnh 20} ] &] 11
Simplify[

H,

Assumptions-

{uelintegershu=20Ahelntegersnh20}] &

Assuming[ b, =b; +h,

. _,G 1-s- .G b _ .
Table[{Remdue[ (MySammatl-s-a) ) MieaGammalsshul _ ;o5 rs _p, _y}, Assumptions— {u e Integersau 20 A
(.0 Gommatssan]) Mo aGammat 1-s-by

h e Integersanh 2 O}]/ (GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1 - aj,
{i,n}1}, {Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,q}]}, {by,2,u},z] )},
{m, 2,4}, {n, 0,2}, {p,n, 4}, {q, m,4}] /1 Simplify[ &, Assumptions—> {k € Integers} ] &) /1
Simplify[H, Assumptions— {u e IntegersAu =0} ] &] /1

Simplify[H, Assumptions— {u e IntegershAu=20Ah e Integersnh=20}1 &

Case of right double poles

(T Gammals +by]) Tho; Gammall -s - ag]

Residue[ z7°, {s,l—a2+u}] ==

(Th-n.1Gammals+ak]) Mi_m,: Gamma[l-s - byl

(-1) 7122 (" Gamma[l+u-a;+by]) M3 Gammal-u+a; - ak]

ul (u+ay-ay) ! (ThopeGammall+u-ay+ak]l) Mi_m, Gammal-u+a, - by]

-1l-u+a,

z Log[z] + PolyGamma[0,1+u] + PolyGammal[0,1+u+a;-a] +
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n P
ZPolyGamma[O, —-u+a;-ag] + Z PolyGammal[0,1+u-a,+ak] -
k=3 k=n+1

i PolyGamma[0, —u+a; - by] - iPolyGamma[O, l+u-a,+byl]|/;
k=m+1 k=1
a; - a, € Integers&&a; - a, 2 0&&u € Integers&&u 2 0&&a; - a; ¢ Integers&&3 < j<n&&

! (a;-bjelntegers&&-1+a,-b;20)&&1<j<m&&! (u-a,+bjelintegers&&u—-a, +b;20)&&

M+1<j<q&&! (-u+a,-ajelntegers&&-1-u+a,-a;20)&&n+1<js<p

(0 T + o) THy T(=s —ag + 1)

ress[ (Tt TG + @) Thpsy T=5 = by + 1)
(=== ([T Tu — ap + by + D) T3 T(—u + a — ag)

ul (@ —az +w) ([oper T — a2 + ax + ) TH_py T(-u + az = by)

z_“'] (1-ap+u) =

ar—u—1

z
q m p n
[— D uOura-by- Y WOu-ay+ b+ i+ Y v Ow-ay+ap+ D+ Y W Ou+ar-ap +
k=m+1 k=1 k=n+1 k=3
vOw +ay —a2+1)+¢(0)(u+1)+log(z)]/;a1 —ayeNAueNAa—a;¢ZA3<j<nA

a)-bj—1¢NAl<j<mA-ar+bj+u¢eNAm+1l<j<qgAh-a;j+a-u-1¢NAn+l<j<p

Assuming[a2 =a;-h,

. 2% (Th,Gamma(s+b m_,Gammal[l-s-a .
Table[ Re5|due[ (e Lo+bil) ey Lo23d Tt 1-a,+ul, Assumptions— {u e Integersau =0 A
(Mh-ns1Gammars+ax]) Tiim,1Gammar l-s-by]

-1) 4% (i Gamma([l+u-ay+by]) MM.;6ammal-u+a;-a]

helntegerS/\hZO}]/( ((

ul (u+ay-az)! (r[ﬁ:mlGamma[1+u-az+ak])nﬂ:mﬂGamma[—maz—bk]
z7l-ura (Log[z] + PolyGamma[0,1+u] +PolyGamma[0,1+u+a;-a,] +

i3 PolyGammal[0, -u + a, - ak] +ZE=n+1 PolyGamma[0,1+u-a,+ag] -
Zﬁ=m+1 PolyGamma[O0, —u +a, - bx] - 2L, PolyGammal[0, 1 +u - a, + by] ))}, {m, 0,2},
{n, 2,3}, {p,n, 4}, {q, m,4}] / | Simplify[ &, Assumptions— {k € Integers} ] &)] /1]

Simplify[H, Assumptions— {u € IntegershAu=0Ah e Integersnh20}] &

Assuming[az =a;-h,

. - .G b _,G 1-s- .
(Table[{Readue[ (an(wga::;ﬂ[asasal]k)]r)ﬁm’l Gaa:;n;z[[l Ss 1kk]] , {s,l-a,+u},Assumptions— {u e IntegershAu=0A
k=n+1 k=m+1 e

h e Integersah 20}]/ (GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ai: {i:n+1’ p}]’Table[l_bi, {i,m+l’ q}]}’ {l_a27 2,U},Z] )}) {m’oiz},

{n, 2,3}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k € Integers} ] &)] I

Simplify[H, Assumptions— {u € IntegershAu20Ah e Integershnh20}] &
(T, Gammal[s +by]) Tho; Gammall -s - ag]

Residue[ 77, {s,l—a2+u}] ==

(Th-n.1Gammals+ak]) Mi_m,: Gamma[l-s - by]

GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
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{Table[a;, {i,n+1,p}],Table[1-b;, {i,m+1,9}1}, {1-ay,2,u},z] /;
a; - a, € Integers&&a; - a, 2 0&&u € Integers&&u 2 0&&a; - a; ¢ Integers&&3 < j<n&&
! (a; - bjelntegers&&-1+a,-b;j20)&&1<j<m&&! (u-a,+bjelintegers&&u—-a,+bj20)8&&
Mm+1<j<q&&! (-u+a,-ajelntegers&&-1-u+a,-2a;20)&&n+1<js<p
T T+ b)) [T T(=s—ap+ 1)
' SS[ (Tt TG + @) Ty (=5 — by + 1)

{Table[b;, {i, m}], Table[1 - a;, {i, n}]}, {Tablela;, {i, n + 1, p}], Table[1 - b;, {i, m+ 1, g}1}, {1 - a2, 2, u}, 2) /;
aj-ayeNAueNANay—a; ¢ ZAN3<j<nhay-bj—1¢NAl<j<mA-ay+b;+u¢&NA

z7 (1 = ay + u) == GammaResidueRight(

m+ls<j<qgh-aj+ay-u-1¢NAn+l<j<p

Assuming[az =a;-h,

. z7° (The;Gamma(s+b _1Gammal[l-s-a .
Table[{ReS|due[ (T e k])qnﬂ’l [ kL {s,1-a,+u}, Assumptions— {u e Integersa u 20 A
(Mhns1Gammals+ax]) Tz, Gammal 1-s-by]

-1) M- (" Gamma[l+u-a +by]) M.;6amma[-u+a;-a]

helntegerS/\hZO}]/( ((

Ul (Uu+ag-as) ! (Mo, s6ammaqleu-ay+ay] ) Miem,1Gammaq-u+az-by]
z7l-ura (Log[z] + PolyGamma[0,1+u] + PolyGamma[0,1+u+a;-a,] +
i3 PolyGammal0, —-u +a - ax] + Zﬁzml PolyGamma[0,1+u-a;+ag] -

Zﬁ=m+1 PolyGamma[O0, —u +a; - by] - 5., PolyGammal[0, 1 + u - a, + by] ))}, {m, 0,2},

{n, 2,3}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k e Integers} ] &)] I

Simplify[H, Assumptions— {u € Integershu20Ah e Integershnh20}] &

Assuming[a2 =a;-h,

. (M ,Gammal(s+b _,Gamma[l-s-a .
(Table[{Resndue[ (an(wgamma[;; ]“)]r)ﬁm’leamma[[l S bk]] , {s,1-a,+u},Assumptions—> {u e IntegersAu=0A
k=n+1 k k=m+1 —>—Pk

h e Integersa h 20}]/ (GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[aix {i)n+1> p}],Table[l_bi) {i)m+l> q}]}, {1—32, 2,U},Z] )}: {m;0>2}:

{n,2,3}, {p,n, 4}, {q, m,4}] / | Simplify[ &, Assumptions— {k € Integers} ] &)] I

Simplify[H, Assumptions— {u e IntegershAu=20Ah e Integersnh=20}1] &

Case of left triple poles

(The;Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 2%, {s, -bs - u} ] ==

(Th-n.1Gammals+ax]) Mi_m,: Gammall-s - by]

(=1)u-burb2zusbs (M Gamma[l+u-ag+bs]) (M,Gamma[-u-b;+by])

2u! (u-by+b3) ! (u-by+bz) ! (Thop,sGammal-u+ax-bz]) Tk m., Gammall+u+bz-by]

[rrz—PolyGamma[l,l+u] - PolyGammal[l,1+u-b;+bz] -PolyGammal[l,1+u-b,+b3] +

[—Log[z] + PolyGammal[0,1+u] + PolyGamma[0,1+u-b; +bs] + PolyGamma[0,1+u-b, +bs] -
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P n
Z PolyGammalO0, -u +ax - bz] - ZPolyGamma[O, l+u-ag+bz] +
k=n+1 k=1

q m 2
Z PolyGammal[0,1+u+bs-by] + ZPolyGamma[O, —u—b3+bk]) -

k=m+1 k=4

P n
Z PolyGammal[1l, —u+ax-bz] + ZPolyGamma[l, l+u-ag+bs] -
k=n+1 k=1

q m
Z PolyGamma[l,1+u+bs-by] + ZPolyGamma[l, -u-bs+ bk]] /;

k=m+1 k=4
-b; + by e Integers&& -b, + b; 2 0&& -b; + b, € Integers&&

-b; +b, 20&&

u e Integers&&

u0&&

-b; +bj ¢ Integers&&

4<j<m&&

! (aj-bs e Integers&&-1+aj-b; 20) &&

1<j<sn&&

! (u-aj+b;s elintegers&&u-aj+ b3 20)&&

n+1<j<p&&

I (-u-bs+bjelintegers&&-1-u-b3+b;j20)&&m+1<j<q

T T+ b)) Il T(=s—ap + 1)
res[ (=1 TG + @) Tyt =5 = b + D)
(= Dyl ([P D~ — b3 + b)) [lio T(u — ay + by + 1)

z5,{s, =bs —u}| =

Zb3+u

2u!(—b1 +b3+u)!(—b2+b3 +u)! l_IZ:mHF(M+b3 —bk+ 1)(]’],f:n+ll"(—u+ak—b3))

p n q9
[{— Z W O—u+a, - bs) - Zw(o)(u —ap+by+ 1)+ Z Y Ow+by—bp+ 1)+

k=n+1 k=1 k=m+1
m 2
Zz//(o)(—u —by+ b))+ Owu—by+ b3+ D)+ Q@ —by+ b3+ D)+ Q@+ 1) - logz)| -
k=4

p n q m
v ura-by)+ Yy Pwu—ap+bs+ = > D+ by —be+ D+ Y yV-u=-bs+by) -

k=n+1 k=1 k=m+1 k=4
b Ow=b1+b3+ D=yOu=by+ b3+ D) —yOw+ )+ 22| /;

by—byeNAby-beNAueNAb;-by¢ZANd<j<mAhaj-b3-1¢NAl<j<nA
—aj+bs+ugNAn+l<j<pAbj-by-u-1¢NAm+l=<j=<gq
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Assuming[ b, =b; + hy,

(Th-1Gammal[l-s-ax]) T;Gammal[s+by]

-s
z s,-bs-u
(ﬂfzmlGamma[s+ak])r[E:m,lGamma[l—s—bk] » s, 3 b

Assuming[b3 =b; +h;+hy, (Table[{Residue[

Assumptions— {u e IntegersAu = 0A h; e Integersah; 20A h; e Integersah, 20} ]/

(=1)U-birb2 zubs (A Gamma[l+u-ay+bs]) (M,Gammal-u-bs+by1)
2u! (u-by+bs)! (u-by+bs)! (ﬂﬁ:mlGamma[—u+ak—b3] ) ]'[E:m+lGamma[l+u+b3—bk]

(® - PolyGamma[1,1+u] - PolyGammal[1l,1+u=-b; +bs] -
PolyGammal[l,1+u=-b, +bs] +(-Log[z] + PolyGamma[0,1+u] +
PolyGamma[0,1+u-b; +bs] + PolyGamma[0,1+u-b, +bs] -
Shn.1 PolyGamma[0, —u +ay - b3] - 5§, PolyGamma[0, 1+ u-a, + bs] +
So_m.. PolyGammal[0,1+u+bs-by] + k4 PolyGammal0, —u - bs + by] )2 -

Sh.n.1 PolyGamma[1, —u+a, - b3] + 3., PolyGamma[1,1+u-ay+bs] -

Sh-m.1PolyGamma[1,1+u+b;s-by] + 5", PolyGamma[1l, -u-b; + by] ))},
{m, 3,5}, {n, 0,2}, {p,n, 4}, {q, m,4}] /| Simplify[#H,
Assumptions— {k e Integers} ] &) /1l

Simplify[H, Assumptions— {u e IntegersAu = 0A h; e Integersnh; 20A h, e Integersah, 20} | &” I

Simplify[#,
Assumptions-
{u e Integersa

uz20A
h; € Integersa
h;20A
h, e Integersa
h,20}1 &

Assuming[ b, =b; +hy,

(Th.,Gamma[1l-s-ax]) Mi;Gamma[s+by]

z7%, {s,-b3-u
(ﬂ‘k’:mlGamma[smk])rﬂ:mlGamma[l—s—bk] s, 3 b

Assuming[b3 =b; + h; +hy, (Table[{Residue[

Assumptions— {u e IntegersAu = 0A h; e Integersah; 20A h, e Integersanh, 20} ]/
(GammaResidueleft[ {Table[b;, {i,m} ], Table[1-aj, {i,n}]},
{Table[ai: {i,n+1’ p} ]’Table[l_bii {i7m+l’ q} ] }) {b3) 3’ U},Z] )}’ {m,3;5};
{n, 0,2}, {p,n, 4}, {q, m,4}] /| Simplify[ &, Assumptions— {k € Integers} ] &) /1

Simplify[H, Assumptions— {u € IntegersAu = 0A h; e Integersah; 20A h, e Integersah, 20} ] &]] /1
Simplify[H, Assumptions— {u e IntegersAu 20A h; € Integersanh; 20A h, e Integersanh, 20} ] &

(T Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 2%, {s, -bs —u} ] ==

(Th-n.1Gammals+ax]) Mi_m,: Gamma[l-s - by]

GammaResiduelLeft[ {Table[b;, {i,m}], Table[1-a;, {i,n}]},
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{Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,9}]1}, {b3,3,u},z] /;

-b; + by e Integers&& -b, + b3 2 0&&-b; + b, e Integers&& -b; + b, 20&&u e Integers&&
U208&&-b;+bj¢lintegers&&4 <j<m&&! (aj-bselintegers&&-1+a;-b;20)&&
1<j<n&&! (u-aj+b;eintegers&&u—-aj+b;20)&&N+1<j<p&&

I (-u-bs+bjelintegers&&-1-u-b3+b;20)&&m+1<j<q

(TR TG + b)) Thy T(=s — ax + 1)
res M DT - z5, s, —b3 - u}) = GammaResidueLeft(

(Thzpa1 TG + @) [Ty T(=s =B + 1)
{Table[b;, {i, m}], Table[1 — a;, {i, n}]}, {Tablela;, {i, n + 1, p}], Table[1 - b;, {i, m + 1, q}1}, {b3, 3, u}, 2) /;
by—byeNAby-beNAueNAb;j-b¢ZANd<j<mAhaj-b3-1¢NAl<j<nA
—aj+bs+ugNAn+l<j<pAbj-by-u-1¢NAm+l=<j=<gq

Assuming[ b, =b; + hy,

(Th.1Gamma[l-s-ay]) T,Gammal[s+by]

(Mh-ns1Gammars+ax] ) Tiom.Gamma[1-s-by]

Assuming[b3 =b; +h; +h,, (Table[{Residue[ z7% {s, -bs-u},

Assumptions— {u e IntegersAu =0A h; e Integersnh; 20A h, e Integersah, 20} ]/

(-1)uPi+b2 2U+bs (7 Gammal[l+u-ax+bs]) (ML,Gammal-u-bs+by])
2u! (u-by+b3)! (u-by+bsz)! (nf:mlGamma[—u+ak—b3] ) Mhm.1Gamma[l+u+bz-by]

(7® - PolyGamma[1,1+u] - PolyGammal[1l,1+u=-b; +bs] -
PolyGammal[1l,1+u-b,+bs] +(-Log[z] + PolyGamma[0,1+u] +
PolyGamma[0,1+u-b;+bs] + PolyGamma[0,1+u-b; +bs] -
sh_ .1 PolyGammal[0, -u +a, - bs] - .1 PolyGammal[0,1+u-ayg+bs] +
SHm.1 PolyGamma[0, 1 +u+bs - by ] + 3, PolyGammal[0, —u - bz + b, ] ) -

Sh.n.1 PolyGamma[1, —u+ay - bs] + 3., PolyGamma[1,1+u-ay+bs] -

Sy_m.1 PolyGammall,1+u+bs-by] + snsPolyGammall, —u - bs + by] ))},
{m, 3,5}, {n,0,2}, {p,n, 4}, {q, m, 4} | / / Simplify[#,
Assumptions— {k e Integers} ] &) /1

Simplify[H, Assumptions— {u € IntegersAu =0 A h; e Integersah; 20A h, e Integersah, 20} ] &]] /1
Simplify[H,
Assumptions—

{u e Integersa
uz0A
h; € IntegersAa
h;20n
h, € IntegersAa
h,20}]1 &
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Assuming[ b, =b; + hy,

(Th-1Gammal[l-s-ax]) T;Gammal[s+by]

Assuming[b3 =b; +h;+hy, (Table[{Residue[ z7%, {s, -by-u},

(Mhon,1Gammals+a.]) Tiem, Gamma(1-s-by]
Assumptions— {u e IntegersAu = 0A h; e Integersah; 20A h; e Integersah, 20} ]/
(GammaResiduelLeft][ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
(Table[ai, {i,n+1,p}], Table[1-b;, {i,m+1,q}1}, {bs,3,u},2]) }, {m, 3,5},
{n, 0,2}, {p,n, 4}, {q, m,4}] / | Simplify[ &, Assumptions— {k € Integers} ] &) /1

Simplify[H, Assumptions— {u € IntegersAu = 0A h; e Integersah; 20A h, e Integersah, 20} ] &]] /1

Simplify[H, Assumptions— {u € IntegersAu 20 A h; e Integersah; 20A h, e Integersah, 20} ] &

Case of right triple poles

(The;Gammal[s+by]) Th.; Gammal[l-s-ag]
Residue[

773, {s,l—a3+u}]==
(Th-n.1 Gammals +ax]) T .1 Gamma[1l-s - by]

(=1)t*u+a-2 (M Gammal[l+u-az+byc]) Mh.,Gamma[-u+az-ay] Lues
C1-usa;

z
2u! (u+a;-as) ! (u+ay;-as) ! (Mhop,Gammall+u—-as+ag]) Mim, Gammal-u+as - by]

[rrz—PolyGamma[l,l+u] - PolyGammal[l,1+u+a; -az] -PolyGamma[l,1+u+a,-as] +
[Log[z] + PolyGammal[0,1+u] + PolyGamma[0,1+u+a; -as] + PolyGamma[0,1+u+a,-as] +

n P
ZPolyGamma[O, -Uu+az-ag] + Z PolyGamma[0,1+u-as+ag] -
k=4 k=n+1

q m 2
Z PolyGammal[0, -u + as — by ] —ZPolyGamma[O, 1+u—a3+bk]] +
k=m+1 k=1

n P
ZPolyGamma[l, -u+az-ag] - Z PolyGammal[l,1+u-as+ag] -
k=4 k=n+1

q m
Z PolyGammal[1l, —u+as-by] + ZPolyGamma[l, l+u-az+ bk]] /;
k=m+1 k=1

a; - az € Integers&&a; - a3 2 0&&a; - a, € Integers&&
a;-a, 20&&
u € Integers&&
uz0&&
a; - aj ¢ Integers&&
4<jsn&&
I (a3 - bj e Integers&&-1+a3-b;20)&&
1<j<m&&
! (u-az+bjelintegers&&u-asz+b;20)&&
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m+1<j<q&&
I (-u+as-ajelntegers&&-1-u+az-a;20)&&n+1<js<p
T T+ b)) T T(=s—ap + 1)
re S[ (TB i1 TG + @) Tl sy T(=5 = b + 1)
(=@t =L (TP T — a3 + by + 1)) [Ty T(~u + a3 — az)

2ul(ar —az+w)! (a2 — az + ) (Tl T — a3 + ag + D) [T, T(—u+ a3 — by)

z% (A -a3 +u) =

q m P
z@ul [[— Z v O—u+az - by) - Zz//(o)(u —a3+ b+ 1)+ Z v Ow-as+ap+1)+
k=m+1 k=1 k=n+1
" 2
Zzp(o)(—u vaz—ap) +vQu+a a3+ D+ Qu+ar —az + 1)+ Q@ + 1) + logz) | -
k=4

q m )4 n
Z YV (—u+ a3 - by) + Zz//”)(u —az+ b+ 1) - Z O -ay+ap+ 1)+ Zdr(l)(—u raz—-ay) -

[ k=1 kentl k=4
vOw+a—az+ D—ypQPu+az—az+ D—ypPw+ D)+ 2| /;

ay-azeNAaj—ayeNAueNANa—a;¢Z N4 <j<nhaz-bj—1¢NANl<j<mA
—az+bj+ugNAm+1<j<qgA
—aj+a3-u—-1¢NAn+l<j<p
Assuming[a2=a1—h1,

z7° (The,Gamma(s+by 1) Mi.;Gamma[1-s-ay]

Assuming[a3 =a;-h;-hy, (Table[{Residue[ , {s,1-az+u},

(Mhcns1Gammals+ak] ) T, Gamma(l-s-by]

Assumptions— {u e IntegersAu =20A h; e Integersah; 20A h, e Integersa h, 2 0}]/

( (=1) trurai-a (Mi,Gammall+u-az+by]) TR sGammal-u+as-ay] Z_l_u+a3

2ut (u+ay-as) ! (u+ay-a3) ! (TR, Gammarl+u-as+ax]) Mim, Gamma( -u+as-by]
(m® - PolyGamma[1,1+u] - PolyGammal[l,1+u+a; - az] -
PolyGammal[l,1+u+a;-az] + (Log[z] + PolyGamma[O0,1+u] +
PolyGamma[0,1+u+a; -as] + PolyGamma[0,1+u+a;-as] +
Sh.q PolyGammal[0, —u + a3 - ax] + .1 PolyGammal[0,1+u-a;z+ay] -
Sh-m.1 PolyGammal[0, —u +az - b,] - 5", PolyGammal[0, 1 + u - az + by ] )2 +

h.4PolyGammall, -u+az-ak] - b .. PolyGammal[1l,1+u-a;z+ag] -

S-m.1 PolyGamma[1l, —-u+ a3 -by] + Shq PolyGammall,1+u-as+ byl ))}, {m, 0,2},

{n, 3,4}, {p,n, 5}, {q, m,S}] / | Simplify[ #, Assumptions— {k e Integers} ] &)]] /1

Simplify[H, Assumptions— {u e IntegersAu 20 A h; e Integersa
h;20A

h, e Integersanh, 20} ] &
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Assuming[az =a;-hy,

z7° (T, Gamma([s+by 1) Mi.;Gamma[1-s-ay]

Assuming[a3 =a;-h;-hy, (Table[{Residue[ ,{s,1-az+u},

(Mhens1Gammars+ag] ) Tiom,1Gammal 1-s-by]
Assumptions— {u e IntegersAu 20A h; e Integersah; 20A h, e Integersa h, 2 0}]/
(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[aj, {i,n+1,p} ], Table[1-b;, {i,m+1,q}]}, {1—a3,3,u},z])}, {m, 0,2},
{n, 3,4}, {p,n,5}, {q, m,s}] / 1 Simplify[H, Assumptions— {k € Integers} | &)]] /1

Simplify[H, Assumptions— {u e IntegersAu =20 A h; e Integersah; 20A h, e Integersah, 20} ] &
(T, Gamma[s +by]) Tk, Gammall-s-ag]

Residue[ 77, {s,1—a3+u}] ==

(Th-n.i Gammals +ax]) Th_m,1 Gamma[1l-s - by]
GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[aj, {i,n+1,p}], Table[1-b;, {iim+1,q}]}, {1-as,3,u},z] /;
a, - az € Integers&&a; - a3 2 0&&a; - a, € Integers&&a; - a, 2 0&&u e Integers&&u = 0 &&
a; - a; ¢ Integers&&4 <j<n&&! (a3 -bjelIntegers&&-1+as3-b;20)&&
1<j<m&&! (u-az+bjelintegers&&u-as;+b;20)&&m+1<j<q&&
I (-u+as-ajelntegers&&-1-u+az-a;20)&&n+1<js<p
T T+ b)) [T T(=s—ap + 1)
(Moo TG + @0) Ty T(=s = by + 1)

{Table[b;, {i, m}], Table[1 - a;, {i, n}]}, {Table[a;, {i, n+ 1, p}], Table[1 - b;, (i, m+ 1, ¢}1}, (1 — a3, 3, u}, 2) /;
ay—azeNAay—apeNAueNAa—a;¢Z N4 <j<nhaz-b;j—1¢NAl<j<mA

res z7 (1 = a3 + u) == GammaResidueRight(

—az+bj+u¢eNAm+l<j<qgh-aj+a3-u-1¢NAn+l<j<p
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Assuming[az =a;-hy,

z7° (T, Gamma([s+by 1) Mi.;Gamma[1-s-ay]

Assuming[a3 =a;-h;-hy, (Table[{Residue[ ,{s,1-az+u},

(Mhens1Gammars+ag] ) Tiom,1Gammal 1-s-by]

Assumptions— {u e IntegersAu 20A h; e Integersah; 20A h, e Integersa h, 2 0}]/

( (-1)-trurai-a (MeL;Gammal(l+u-as+by]) TR.,Gammal[-u+as-ax] Z_l_u+a3
2u! (

u+ay-az) ! (u+ay-as) ! (Mp, Gammalleu-ag+ay] ) Mim,iGammal -u+az-by]
(m® - PolyGamma[1,1+u] - PolyGammal[1l,1+u+a; - az] -
PolyGammal[l,1+u+a,-as] +(Log[z] + PolyGamma[0,1+u] +
PolyGamma[0,1+u+a; -az] + PolyGamma[0,1+u+a,-as] +
k.4 PolyGammal 0, —-u+a3 - ax] + ZE=n+l PolyGammal[0,1+u-as+ag] -
Sy-m.. PolyGammal0, -u+as -by] - Sk, PolyGammal[0, 1 +u-as+by] )2 +

s1_,PolyGammal1l, -u+ a3 -ay] - 3k.,,; PolyGamma[1,1+u-a;+ay] -

So-m.1 PolyGamma[1l, -u+az-by] + S, PolyGammall,1+u-as+ byl ))}, {m, 0,2},

{n, 3,4}, {p,n, 5}, {q, m,S}] /I Simplify[&, Assumptions— {k e Integers} ] &)” /1
Simplify[H, Assumptions— {u € IntegersAu =0 A h; e Integersa
h;20n
h, e Integersnh, 20} ] &
Assuming[a2=a1—hl,

z7° (M;Gammal(s+by]) Mi;Gamma[1-s-ay]

Assuming[a3 =a;-h;-hy, (Table[{Residue[ , {s,1-az+u},

(Mh-ns1Gammars+ay] ) Mp, Gamma[1-s-by]
Assumptions— {u e Integershu = 0A h; e IntegersAh; 20A h, e Integersah, 2 0}]/
(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[aj, {i,n+1,p}], Table[1-b;, {i,m+1,q}]}, {1—a3,3,u},z])}, {m, 0,2},
{n,3,4}, {p,n,5}, {q, m,5}] / 1 Simplify[H, Assumptions— {k € Integers} | &)]] 11

Simplify[H, Assumptions— {u € IntegersAu 20 A h; e Integersah; 20A h, e Integersah, 20} ] &

Case of left quartic poles

(T Gammal[s+by]) T.; Gammal[l-s-ag]

Residue[ 2%, {s, -bs —u} ] ==

(Th-n.: Gammals +ax]) Th_m,: Gamma[1l-s - by]

(((—1)‘t’l*t’2‘b3+b4 [HGamma[—u— b4+bk]]ﬂGamma[1+u—ak+b4]]/(6u! (u=by+by) !

k=5 k=1

P q
(Uu=by+by) ! (U=b3+by)! []_[Gamma[—u+ak—b4]]]_[Gamma[1+u+b4—bk]]]z“+b4
k=1 k=1

[PolyGamma[Z, 1+u] +PolyGamma[2,1+u-b; +bs] + PolyGamma[2,1+u-b, +bs] +

PolyGamma[2,1+u-bs+by] +
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-Log[z] + PolyGamma[0,1+u] + PolyGamma[0,1+u-b; +b,] + PolyGamma[0,1+u-b, +by] +

P n
PolyGamma[0,1+u-b3z+bs] - Z PolyGamma[0, —u+ax-by] - ZPolyGamma[O,
k=n+1 k=1

q m 3
l+u-ag+by] + Z PolyGamma[0, 1+ u+bs—by] +ZPolyGamma[0,—u—b4+bk] +
k=m+1 k=5

[—Log[z] + PolyGamma[0,1+u] + PolyGamma[0,1+u-b; +bs] + PolyGamma[0,1+u-by+bs] +

P n
PolyGammal[0,1+u-bs+bs] - Z PolyGammal[0, —u+ayx-by] - ZPolyGamma[O,
k=n+1 k=1

q m
l+u-ag+by] + Z PolyGammal[0, 1+ u+by - byl +ZPolyGamma[0,—u—b4+bk]]
k=m+1 k=5

(4n2+3(—PolyGamma[1, 1+u] -PolyGamma[l,1+u-b; +bs] -

PolyGamma[l,1+u-b; +bs] - PolyGamma[l,1+u-bs+bs] -

P n
Z PolyGammal[l, -u+ax-by] + ZPolyGamma[l, l+u-ag+by] -
k=n+1 k=1

q m
Z PolyGammal[l,1+u+bs-by] + ZPolyGamma[l, —u—b4+bk]]]—

k=m+1 k=5

P n
Z PolyGammal[2, —u+ax-by] - ZPolyGamma[z, l+u-ag+by] +
k=n+1 k=1

q
Z PolyGamma[2,1+u+bs-by] +

k=m+1

m
ZPolyGamma[Z, —u-bs+byl|/;
k=5

-bs + b, e Integers&& -bs + b, 2 0&&
-by +
b; e Integers&&

-b, + b3 20&&-b; + b, e Integers&&
-b;+by 2

0&&u e

Integers&&u =

0&&-b; +bje

Integers&&5 <

j<

m &&
! (aj-bs € Integers&&-1+aj-b, 20) &&
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1<
j<
n &&
! (u-aj+b, elntegers&&u-aj+by 20)&&
n+1ls
j<
p &&
I (-u-bs+bjelntegers&&-1-u-b,+b;20)&&
m+l<jsq
T TS+ b)) Tl T(=s—ap + 1)
res[ (Th=pa1 TG + @) ey T(=s =B + 1)
(= Dy~brtba=bstbs (TP T(—u— by + b)) [Tioy T — ag + by + 1)

z Sa {Sa _b4 —u| =

Zb4+u

6ul (—=by +bs+u)! (—=by +bg+u)! (=b3 + by +u)! TH_ T+ by — by + 1) ([T=y T(—u + ag — by))

P n q m
[{— Z l,{/(o)(—u+ak—b4)—Zzﬁ(o)(u—ak+b4+l)+ Z ¢(°>(u+b4—bk+1)+Zw<°>(—u—b4+bk)+

k=n+1 k=1 k=m+1 k=5

3
w(o)(u—bl + by + 1)+w(0)(u—b2 + by + 1)+w(0)(u—b3 +bg + 1)+¢/(0)(u+ 1)—10g(z)] +

P n q m
[3 [— D OCurar-by+ Y yPw-ap+by+ = Y yP@+bys—bp+ 1)+ D yD-u—by+ by -

k=n+1 k=1 k=m+1 k=5

Y Ow—=by+bg+ 1) =y Pw—by+by+ 1) =P —by+ by + 1) =y D(u + 1)] +4n2]

4 n q m
[— Z z//(o)(—u+ak—b4)—Zg{/(o)(u—ak+b4+ D+ Z VO + by — by + 1)+Zw(0)(—u—b4+bk)+

k=n+1 k=1 k=m+1 k=5
VOwU=b1+bs+ D4y Qu=by+ by + D4y Qu—=b3+ b4+ D+ yQ@u+ 1 - log(z)] -

4 n q m
D PCurar-by) - Y yPw-ap+by+ D+ Y YD+ by b+ 1)+ Y P (-u—by+ b+
k=n+1 k=1 k=m+1 k=5

VPW—by+bs+ 1)+ Pw—by+by+ 1)+ P —by+ by + 1)+ yP(u + 1)] /;

b4—b3€N/\b3—b2€N/\b2—b1EN/\uEN/\bj—b1$Z/\
S<sj=mA
aj—bs—1¢NANl<j<nA
—aj+bs+ugNAn+l1<j<pA
bj—bs—u—-1¢NAm+1<j=<gq



100 | TalkAtICFDA-2024-Revision2.nb

Assuming[bz =b; + hy, Assuming[b3 =b; +hy +hy, Assuming[b4 =b; +hy+hy+hs,

. Mh_,Gammaf[l-s-ay]) Tin,Gammal[s+by] _ .
Table[{Remdue[ {Tees - q) kel 775, {s, -b, - u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersnh; 20Ah; eIntegersah, 20A hs e Integersahz 2 0}]/

(1) ~P1+b2-b3+bs (M Gammal-u-b,+by]) T.,Gamma[l+u-ay+b,]

u+by
(Gu! (u-by+bs) ! (u-by+bs)! (u-bs+by)! (ﬂﬁ;mlGamma[—u+ak—b4])ﬂﬁ:m*lGamma[l+u+b4—bk]

z

(PolyGamma[2,1+u] + PolyGamma[2,1+u-b;+b,] +
PolyGamma[2,1+u-b, +bs] + PolyGamma[2,1+u-by+b,s] +
(-Log[z] +PolyGamma[0,1+u] + PolyGamma[0,1+u-b;+bs] +
PolyGamma[0,1+u-b, +bs] + PolyGamma[0,1+u-bs+b,] -
Zﬁ=n+1 PolyGammal[O0, —u+ay-by] - 3%_; PolyGammal[0,1+u-ax+bs] +
SH-m.1 PolyGamma[0, 1+ u+ by - by ] + 3 PolyGammal[0, —u-b, + b, ])* +
(-Log[z] +PolyGamma[O0,1+u] + PolyGamma[0,1+u-b;+bs] +
PolyGamma[0,1+u-b, +bs] + PolyGamma[0,1+u-bs+b,] -
Shn.1 PolyGamma[0, —u+ay - by ] - 5, PolyGamma[0, 1+ u-ay +b,] +
Si_m.1PolyGammal0, 1 + u+by - by] + 3 PolyGamma[0, —u - by + by )
(47 +3 (-PolyGammal[1l,1+u] - PolyGamma[1l,1+u~-b; +bs] -
PolyGamma[l,1+u-b; +bs] -PolyGamma[l,1+u-bs+by] -
St PolyGammall, —u+a,-b,] +
Si.i PolyGammal[l, 1+ u-ag+by] —Zﬂ=m+lPolyGamma[l,
1+u+bs-by] +3sPolyGammall, —u-by+by])) -

Sh-n.1 PolyGammal[2, —u+a, - bs] - 5., PolyGamma[2,1+u—-ay+b,] +
So-m.i PolyGamma[2,1+u+bs-by] + s PolyGammal2, —u - by + by] ))},

{m, 4,6}, {n,0,2}, {p,n,5}, {q, m, 6} ] // Simplify[
,

Assumptions— {k e Integers} ] &) I

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A hs e IntegersAnhs; 20} ] &]]] /1
Simplify[H, Assumptions— {u e Integersa
uz

OAh;e

IntegersA h; 2

0OAhy e

IntegersA h, 2

0OAhse

IntegersA hg 2

0}] &
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Assuming[bz =b; + hy, Assuming[b3 =b; +hy +hy, Assuming[b4 =b; +hy+hy+hs,

. _,GammaJ[l-s-a ',Gamma[s+b _ .
Table[{Remdue[ {Tees [ k]q) M1 2, ®, {s, -bs —u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersnh; 20Ah; eIntegersah, 20A hs e Integersahz 2 0}]/

(GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
(Table[a, {i,n+1,p}], Table[1-b;, {i,m+1,} 1}, {bs4,u},2]) }, {m 4,6},

{n,0,2}, {p,n, 5}, {q, m, 6}] /| Simplify[&, Assumptions— {k e Integers} ] &) /1]

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A h; e IntegersAnh; 20} ] &”] /1
Simplify[H, Assumptions— {u e IntegersAu =0 A h; e Integersah; 20 A h, e Integersa
h, 20A hs e Integersnh; 20} ] &
(T Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 27, {s, -bs - u} ] ==

(Th-n.1Gammals +ax]) Mi_m,: Gammall-s - by]
GammaResidueleft[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[a;, {i,n+1,p} ], Table[1-b;, {i,m+1,9}1}, {bs,4,u},z] /;
-bs + b, e Integers&& -bs + b, 2 0&& -b, + b; € Integers&&-b, + b3 2 0&&-b; + b, € Integers&&
-b; +b, 20&&u e Integers&&u =2 08&&-b; + b; ¢ Integers&&5 < j<m&&
! (aj-bs eIntegers&&-1+aj-b; 20)&&1<j<n&&! (u-aj+b, elIntegers&&u-aj+bs 20)&&
N+1<j<p&&! (-u-by+bjelintegers&&-1-u-bs+b;j20)&&m+1s<j<q
T T +b) [T T(=s—ar+ 1)
res[ (s 16 + a0) [y T—5 — g + 1)
(= 1)y ™or#ba=bstba (TP T~y — by + by)) T2y T(u — ag + by + 1)

Z_Sa {Sa _b4 - u} =

Zb4+u

6ul (=by +bs+u)! (=by + bs+u)! (b3 + by +uw)! [T_ T+ bs — by + 1) (= T(—u + ay — by))

P n q m
[(— Z WO (—u+ay — by) - Z(//(O)(u —ap+by+ 1)+ Z WO +by— b+ 1)+ Zz//(o)(—u — by +bp) +
k=1

k=n+1 k=m+1 k=5

3
VOwU=b1+bs+ D4y Qu=by+bs+ D4y Qu—=b3+ b4+ D+ Q@+ 1 - log(z)] +
)4 n q m
[3 [— Z V(= +ap - by) + Zwm(u —ap+bs+1)- Z YO +by—bp+ 1)+ Zw“)(—u —by+by) -
k=n+1 k=1 k=m+1 k=5
YOV —-by+bs+ 1) =y Pw—by+bs+ 1) =D —bs + by + 1) —pVu + 1)] + 47r2]
P n q m
[— D vOCurar-b)- Yy Ow-ap+bs+ D+ Y YO by—bp+ 1)+ Y O -u—by+ b+
k=n+1 k=1 k=m+1 k=5

VOwU=b1+bs+ D4y Qu—by+bs+ D4y Qu—by+bs+ D+ Q@ + 1)—10g(z)]—
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P n q m
Z YD (—u+ ay — by) - Zw(z)(u —ag+bg+ 1)+ Z WU +by—bp+ 1)+ Zw(z)(—u — by + by) +
k=n+1 k=1 k=m+1 k=5

VOw=by+bs+ D+yPu—by+bs+ D+ yPu—by+bs+ D+yPu+ D)/

b4—b3€N/\b3—b2€N/\b2—b1EN/\MEN/\bj—b16€Z/\
S<j=mA
aj—bs—1¢NANl<j<nA
—aj+bs+ugNAn+l<j<pA
bj—bs—u-1¢NAm+1<j=<gq
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Assuming[bz =b; + hy, Assuming[b3 =b; +hy +hy, Assuming[b4 =b; +hy+hy+hs,

. Mh_,Gammaf[l-s-ay]) Tin,Gammal[s+by] _ .
Table[{Remdue[ {Tees - q) kel 775, {s, -b, - u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersnh; 20Ah; eIntegersah, 20A hs e Integersahz 2 0}]/

(1) ~P1+b2-b3+bs (M Gammal-u-b,+by]) T.,Gamma[l+u-ay+b,]

u+by
(Gu! (u-by+bs) ! (u-by+bs)! (u-bs+by)! (ﬂﬁ;mlGamma[—u+ak—b4])ﬂﬁ:m*lGamma[l+u+b4—bk]

z

(PolyGamma[2,1+u] + PolyGamma[2,1+u-b;+b,] +
PolyGamma[2,1+u-b, +bs] + PolyGamma[2,1+u-by+b,s] +
(-Log[z] +PolyGamma[0,1+u] + PolyGamma[0,1+u-b;+bs] +
PolyGamma[0,1+u-b, +bs] + PolyGamma[0,1+u-bs+b,] -
Zﬁ=n+1 PolyGammal[O0, —u+ay-by] - 3%_; PolyGammal[0,1+u-ax+bs] +
SH-m.1 PolyGamma[0, 1+ u+ by - by ] + 3 PolyGammal[0, —u-b, + b, ])* +
(-Log[z] +PolyGamma[O0,1+u] + PolyGamma[0,1+u-b;+bs] +
PolyGamma[0,1+u-b, +bs] + PolyGamma[0,1+u-bs+b,] -
Shn.1 PolyGamma[0, —u+ay - by ] - 5, PolyGamma[0, 1+ u-ay +b,] +
Si_m.1PolyGammal0, 1 + u+by - by] + 3 PolyGamma[0, —u - by + by )
(47 +3 (-PolyGammal[1l,1+u] - PolyGamma[1l,1+u~-b; +bs] -
PolyGamma[l,1+u-b; +bs] -PolyGamma[l,1+u-bs+by] -
St PolyGammall, —u+a,-b,] +
Si.i PolyGammal[l, 1+ u-ag+by] —Zﬂ=m+lPolyGamma[l,
1+u+bs-by] +3sPolyGammall, —u-by+by])) -

Sh-n.1 PolyGammal[2, —u+a, - bs] - 5., PolyGamma[2,1+u—-ay+b,] +
So-m.i PolyGamma[2,1+u+bs-by] + s PolyGammal2, —u - by + by] ))},

{m, 4,6}, {n,0,2}, {p,n,5}, {q, m, 6} ] // Simplify[
,

Assumptions— {k e Integers} ] &) I

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A hs e IntegersAnhs; 20} ] &]]] /1
Simplify[H, Assumptions— {u e Integersa
uz

OAh;e

IntegersA h; 2

0OAhy e

IntegersA h, 2

0OAhse

IntegersA hg 2

0}] &



104 | TalkAtICFDA-2024-Revision2.nb

Assuming[bz =b; + hy, Assuming[b3 =b; +hy +hy, Assuming[b4 =b; +hy+hy+hs,

. _,GammaJ[l-s-a ',Gamma[s+b _ .
Table[{Remdue[ {Tees [ k]q) M1 2, ®, {s, -bs —u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersanh; 20Ah; e Integersah, 20A hs e Integersa hy 20}]/
(GammaResiduelLeft[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
(Table[a, {i,n+1,p}], Table[1-b;, {i,m+1,} 1}, {bs4,u},2]) }, {m 4,6},
{n,0,2}, {p,n, 5}, {q, m, 6}] /| Simplify[&, Assumptions— {k e Integers} ] &) /1]

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A

h, e Integersah, 20 A h; e IntegersAnh; 20} ] &”] /1

Simplify[H, Assumptions— {u e IntegersAu =0 A h; e Integersah; 20 A h, e Integersa

h, 20A hs e Integersnh; 20} ] &

Case of right quartic poles

(The;Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 77, {s,l—a4+u}] ==

(Th-n.1Gammals+ax]) Mi_m,: Gamma[l-s - by]

(((—1)'1*31'32+a3'a“ [HGamma[1+u—a4+bk])HGamma[—u +a4—ak])/[6u I (u+a;-ay) !

k=1 k=5

P q
(u+ay-az) ! (U+az—-ay) '(H Gamma[1+u—a4+ak]] H Gamma[—u+a4—bk]])

k=n+1 k=m+1

z7iura [PolyGamma[Z, 1+u] +PolyGamma[2,1+u+a;-as] +
PolyGamma[2,1+u+a;-as] + PolyGamma[2,1+u+asz—-a;] +
[Log[z] + PolyGammal[0,1+u] + PolyGamma[0,1+u+a; —a;] + PolyGamma[0,1+u+a,-as] +
n P
PolyGamma[0,1+u+as—as] + ZPolyGamma[O, -U+ay-ag] + Z PolyGammalo0,
k=5 k=n+1
q m 3
l+u-az+ag] - Z PolyGammal[0, —u + as - by] —ZPolyGamma[0,1+u—a4+bk] +
k=m+1 k=1
Log[z] + PolyGamma[0,1+u] + PolyGamma[0,1+u+a;-—as] + PolyGamma[0,1+u+a,-as] +
n P
PolyGamma[0,1+u+as—as] + ZPolyGamma[O, -U+ay-ag] + Z PolyGammal[o0,

k=5 k=n+1

q m
l+u-az+ag] - Z PolyGammal[0, —u + as - by] —ZPolyGamma[0,1+u—a4+bk]]
k=m+1 k=1
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(4n2+3(—PolyGamma[1, 1+u] -PolyGamma[l,1+u+a;-as] -
PolyGamma[l,1+u+a;-as] —-PolyGamma[l,1+u+as—as] +

n P
ZPolyGamma[l, -U+ay-ag] - Z PolyGammal[l,1+u-as+ag] -
k=5 k=n+1

q m
Z PolyGammall, —u+as;-by] + ZPolyGamma[l, l+u—a4+bk]))+

k=m+1 k=1

n P
ZPolyGamma[z, —U+as-ay] + Z PolyGammaf[2, 1+ u-as +ay] -
k=5 k=n+1

q
Z PolyGamma[2, —u+as; - by] -

k=m+1

m
ZPolyGamma[z, l+u-az+byl|/;
k=1

az — a4 € Integers&&az - a5 2 0 &&
a; —
az € Integers&&

a, — a3z 20&&a; - a; € Integers&&

aj-a2
0&&u e
Integers&&u =
0&&a; -aj¢
Integers&&5 <
j<
n &&
I (a4 - bj e Integers&&-1+as-b;20) &&
1<
j<
m &&
! (u-as+bjelintegers&&u—as +b;20) &&
m+1<
j<
q&&
I (-u+as-ajelintegers&&-1-u+as-2a;20)&&
n+1<j<p
T+ b)) [Tio T(=s —ag + 1) _S
resg zo (1 —as+u)=

(Thzps1 TG + @) ey T(=s = b+ 1)
(= yt@ras=as=l (TP Ty — aq + by + 1)) [Ties T(—u + a4 — az)

6ul(ar—as+u)! (@ —ag+u)! (as —as+w) ([Goper TW — as + ax + 1)) TH_py T(=u + ag — by)

ag—u—1

z



106 | TalkAtICFDA-2024-Revision2.nb

q m P n
[{— Z YO (—u+ay—by) - Z(//(O)(u —ag+bp+ 1)+ Z yOw —ag+ap+ 1)+ Zz//(o)(—u +ay - a) +

k=m+1 k=1 k=n+1 k=5
3
VOw+a—as+ D+yQu+ar—as + D4y Qu+as —as + D+yQu+ D+ 10g(z)] +
q m p n
[3 [— Z YO (—u+ay—by) + Zw“)(u —ag+bp+1)- Z Y Ow—ag+ap+1)+ Zw(l)(—u +a,—ay) -
k=m+1 k=1 k=n+1 k=5

v Pu+ar—ag+ ) —vPw+ay—as+ ) -yVw+as —ag+ 1) - P+ 1)] +47r2]

q m )4 n
[— D Ouras-bo- Y pOu-as+ b+ i+ Y v Ow-as+ap+ D+ Y uOu+as-an)+

k=m+1 k=1 k=n+1 k=5

¢(0)(u+a1 —az+1) +¢/(0)(u +ay—as+1) +¢(O)(u +az—az+1) +zp(0)(u+ D+ log(z)] -

q m )4 n
Z WP (—u+ay - by) - Zw(z)(u —ag+b+ 1)+ Z VPw—ag+ap+1)+ Zz//(z)(—u fa,—ap)+
k=m+1 k=1 k=n+1 k=5

VPw+ar—as+ D+yPu+ar—as+ D+yPu+as —as+ D+ P + l)] /;

az—azeNNay-azeNANaj—ayeNAueNAay—a; ¢ ZA
S<j=nA
ag-b;—1¢NAl<j<mA
—as+bj+ugNAm+1<j<qgA
—aj+as-u—-1¢NAn+l<j<p
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Assuming[az =a;-hy, Assuming[a3 =a;-h; -h,, Assuming[a4 =a;-h;-hy-h;,

(MeL;Gamma(s+by]) Mi.;Gammall-s-ay]

(Table[{Residue[ z7% {s,1-a4+u}, Assumptions— {u e Integersa

(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]
u20Ah; elntegersnh; 20Ah; eIntegersah, 20A hs e Integersahz 2 0}]/

(-1)"1*a1-22+33-2 (M Gamma[l+u-as+by]) Th_sGammal-u+az-a]

(eu! (u+ay-ag) ! (U+az-as) ! (u+asz-az) ! (]‘[ﬁ:mlGamma[l+u—a4+ak])]‘[E:m+lGamma[—u+a4—bk]
z717U*% (PolyGammal[2, 1 +u] + PolyGamma[2,1+u+a; -as] +
PolyGamma[2,1+u+a;-as] + PolyGamma[2,1+u+asz—as] +
(Log[z] + PolyGammal[0, 1+ u] +PolyGammal[0,1+u+a; -as] +
PolyGamma[0,1+u+a;-a;] + PolyGamma[0,1+u+asz—-az] +
.5 PolyGamma[0, —u + a4 - ak] +3h_ ., PolyGammal[0, 1+ u-a4+a] -
Sh-m.1PolyGamma[0, —u + a4 - by ] - 5, PolyGammal[0, 1 + u — as + by ] )3 +
(Log[z] + PolyGammal[0, 1+ u] +PolyGammal[0,1+u+a; -as] +
PolyGamma[0,1+u+a;-as] + PolyGamma[0,1+u+az—as] +
h.s PolyGamma[0, —u + a4 - ak] +ZE=n+lPolyGamma[0, l+u-ag+ag] -
Si_m.1PolyGammal0, —u +a, - by] - 5, PolyGammal[ 0, 1 + u - a4 + by 1)
(47® +3 (-PolyGammal[1l,1+u] - PolyGamma[l,1+u+a; -as] -
PolyGamma[l,1+u+a;-as] -PolyGamma[l,1+u+as—as] +
Si.s PolyGammall, —u+as - ax] -
b .1 PolyGammall,1+u-as+ax] - 3. PolyGamma[1,
-u+ag-by] + 57, PolyGamma[l,1+u-as+by]))+

sh_sPolyGammal[2, —u +a, - ax] + 5_,,; PolyGamma[2,1+u-a, +ay] -

So-m.i PolyGammal[2, —u+a, - by] - Shq PolyGammal[2, 1+ u-ag+ byl ))},

{m, 0,2}, {n, 4,5}, {p,n,6}, {q,m, 6}] // Simplify[
H,
Assumptions— {k e Integers} ] &) /1
Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A hs e IntegersAnhs; 20} ] &]]] /1

Simplify[H, Assumptions— {u e Integersa
uz

OAhlE

v

IntegersA h;
oA h2 €

v

IntegersA h,
0OAhse
IntegersA hy
0}] &

v
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Assuming[az =a;-hy, Assuming[a3 =a;-h; -h,, Assuming[a4 =a;-h;-hy-h;,

. ,Gammal[s+b _;Gamma[l-s-a _ .
Table[{Remdue[ {Tees o k])rf’l [ Kl 7-s {s,1-as+u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersanh; 20Ah; e Integersah, 20A hs e Integersa hy 20}]/
(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ai: {I: n+l7 p} ]7Table[l_bi) {I) m"'l,CI} ] }’ {1—34,4, U},Z] )}: {m; 0;2};

{n,4,5}, {p,n, 6}, {q, m, 6}] /| Simplify[&, Assumptions— {k e Integers} ] &) /1]

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A h; e IntegersAnh; 20} ] &”] /1
Simplify[H, Assumptions— {u e IntegersAu =0 A h; e Integersah; 20 A h, e Integersa
h, 20A hs e Integersnh; 20} ] &
(T Gammal[s+by]) Th.; Gammal[l-s-ag]

Residue[ 77, {s,l—a4+u}] ==

(Th-n.1Gammals +ax]) Mi_m,: Gammall-s - by]
GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[a;, {i,n+1,p}], Table[1-b;, {i,m+1,q}]}, {1-a4,4,u},z] /;
az — a4 € Integers&&az - a; 2 0&&a; - as; € Integers&&a; - a3 2 0&&a; - a, € Integers&&
a;-a; 20&&u e Integers&&u 2 0&&a; - aj ¢ Integers&&5 <j<né&&
! (a4 - bjelntegers&&-1+a5-b;j20)&&1<j<m&&! (u-ay+bjelintegers&&u—-as+b;20)8&&
Mm+1<j<q&&! (-u+as-ajelintegers&&-1-u+as-2a;20)&&n+1<js<p
res; (e TG+ DO [ TS~ + D z7% (1 = a4 + u) == GammaResidueRight(
(M= TCs + @) [Tz T(=5 = b + 1)
{Table[b;, {i, m}], Table[1 — a;, {i, n}]}, {Table[a;, {i, n + 1, p}], Table[1 - b;, {i, m + 1, g}1}, {1 — a4, 4, u}, 2) /;
az—aseNANay—azeNAay—ayeNAueNANa—a; ¢ ZANS<j<nhas—b;—1¢NA

l<jsmA-as+bj+ugNAm+l<j<qgh-aj+as-u-1¢NAn+l<j<p
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Assuming[az =a;-hy, Assuming[a3 =a;-h; -h,, Assuming[a4 =a;-h;-hy-h;,

(MeL;Gamma(s+by]) Mi.;Gammall-s-ay]

(Table[{Residue[ z7% {s,1-a4+u}, Assumptions— {u e Integersa

(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]
u20Ah; elntegersnh; 20Ah; eIntegersah, 20A hs e Integersahz 2 0}]/

(-1)"1*a1-22+33-2 (M Gamma[l+u-as+by]) Th_sGammal-u+az-a]

(eu! (u+ay-ag) ! (U+az-as) ! (u+asz-az) ! (]‘[ﬁ:mlGamma[l+u—a4+ak])]‘[E:m+lGamma[—u+a4—bk]
z717U*% (PolyGammal[2, 1 +u] + PolyGamma[2,1+u+a; -as] +
PolyGamma[2,1+u+a;-as] + PolyGamma[2,1+u+asz—as] +
(Log[z] + PolyGammal[0, 1+ u] +PolyGammal[0,1+u+a; -as] +
PolyGamma[0,1+u+a;-a;] + PolyGamma[0,1+u+asz—-az] +
.5 PolyGamma[0, —u + a4 - ak] +3h_ ., PolyGammal[0, 1+ u-a4+a] -
Sh-m.1PolyGamma[0, —u + a4 - by ] - 5, PolyGammal[0, 1 + u — as + by ] )3 +
(Log[z] + PolyGammal[0, 1+ u] +PolyGammal[0,1+u+a; -as] +
PolyGamma[0,1+u+a;-as] + PolyGamma[0,1+u+az—as] +
h.s PolyGamma[0, —u + a4 - ak] +ZE=n+lPolyGamma[0, l+u-ag+ag] -
Si_m.1PolyGammal0, —u +a, - by] - 5, PolyGammal[ 0, 1 + u - a4 + by 1)
(47® +3 (-PolyGammal[1l,1+u] - PolyGamma[l,1+u+a; -as] -
PolyGamma[l,1+u+a;-as] -PolyGamma[l,1+u+as—as] +
Si.s PolyGammall, —u+as - ax] -
b .1 PolyGammall,1+u-as+ax] - 3. PolyGamma[1,
-u+ag-by] + 57, PolyGamma[l,1+u-as+by]))+

sh_sPolyGammal[2, —u +a, - ax] + 5_,,; PolyGamma[2,1+u-a, +ay] -

So-m.i PolyGammal[2, —u+a, - by] - Shq PolyGammal[2, 1+ u-ag+ byl ))},

{m, 0,2}, {n, 4,5}, {p,n,6}, {q,m, 6}] // Simplify[
H,
Assumptions— {k e Integers} ] &) /1
Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A
h, e Integersah, 20 A hs e IntegersAnhs; 20} ] &]]] /1

Simplify[H, Assumptions— {u e Integersa
uz

OAhlE

v

IntegersA h;
oA h2 €

v

IntegersA h,
0OAhse
IntegersA hy
0}] &

v
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Assuming[az =a;-hy, Assuming[a3 =a;-h; -h,, Assuming[a4 =a;-h;-hy-h;,

. ,Gammal[s+b _;Gamma[l-s-a _ .
Table[{Remdue[ {Tees o k])rf’l [ Kl 7-s {s,1-as+u}, Assumptions— {u e Integersa
(Mhens1Gammals+ax]) Tz, Gammal 1-s-by]

u20Ah; elntegersanh; 20Ah; e Integersah, 20A hs e Integersa hy 20}]/
(GammaResidueRight[ {Table[b;, {i,m} ], Table[1-a;, {i,n}]},
{Table[ai: {I: n+l7 p} ]7Table[l_bi) {I) m"'l,CI} ] }’ {1—34,4, U},Z] )}: {m; 0;2};
{n,4,5}, {p,n, 6}, {q, m, 6}] /| Simplify[&, Assumptions— {k e Integers} ] &) /1]

Simplify[#, Assumptions— {u e IntegershAu 2 0A h; e Integersah; 20A

h, e Integersah, 20 A h; e IntegersAnh; 20} ] &”] /1

Simplify[H, Assumptions— {u e IntegersAu =0 A h; e Integersah; 20 A h, e Integersa

h, 20A hs e Integersnh; 20} ] &

Case of left u-th order poles

(T, Gammal[b; +s]) T, Gamma([1 - a; - s]

Residue[ 2%, {s, -by, - im}] ==

(MFn.1Gammala;+ s]) Mitm,: Gamma[1-b; - s]

me"'im (_ l) zJ”:lim—j-*l u-1
ZBinomial[ u-1,k]

(u-1)"! k=0
KroneckerDelta[u -1 - k]
+ UnitStep[u-k-2]
(Mn.1Gammala; - im = bm1) Mim_y.r Gamma[ 1 -bj +in + by ]
q -1-
BellY[Table[{( 1) [(ﬂGamma[a,—lm—b ] ﬂ Gamma[l-bj+in+by ,
i=n+1 j=m-u+l

. - i
ZBmomlal joi [ Z Z KroneckerDelta[j—i, i kj]
k

i=0 m-us1=0 kq=0 j=m-u+l

q
Multinomial[ Km_y.1, .-, Kq1 ﬂ (Gamma[1l-bj+in+bpy]

j=m-u+1

(-1)k (KroneckerDelta[ k;| + UnitStep[k; - 1] BellY[

Table[ {1, PolyGamma[-1+t,1-bj+in+bn]}, {t, ki}]]))

IZ Z roneckerDelta[ Z ]Multlnomlal[kml,...,kp]

+1=0 j=n+1

P
H (Gamma[aj - iy - by | (KroneckerDelta[ k;] + UnitStep[k; - 1] BellY[
j=n+1
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Table[ {1, PolyGamma[ -1+, a - im - b ]}, {t, ki}]] ))]},

k k
{j, u —1—k}]]]zz Multinomial[i,j, k—i—j] Piecewise[{{l, m===u}},

i=0=0

[Z Z KroneckerDelta[i, nijkj] Multinomial[ ky, ..., kKm-u]

k=0 Km-u=0 j=1
m-u
ﬂ (Gamma[bj - iy - by | (KroneckerDelta[ k;] + UnitStep[ kj - 1]
j=1

BellY[ Table[ {1, PolyGamma[t -1, bj —in - by ]}, {t, k,}]]))]]

n

| ]
[Z Z KroneckerDelta[j, ikj] Multinomial[ ky, ..., k] H(Gamma[
ki

=0 ky=0 j=1 j=1

1-aj+im+bm] (1) (KroneckerDelta k;] + UnitStep[ kj - 1]
BellY[Table[ {1, PolyGamma[t-1,1-a;+in+bm]}, {t, ki}]] ))]
k-i-j L
Floor —-] (-Log[z])Xi-2rg2r 5 UnitStep[r-1]
+
S (k-i-j-2nr U

(k-i-j)! BellY|

r!

Table[{(—l) "Pochhammer[ -u, i],

(-1)"t2(2%-*-1)i! BernoulliB[2i]4 ‘
(2i) ! } "r}”] /3

u e Integers&&in_j,; € Integers&&iy_j,1 20&&1<j<
us

m &&
bm_j.1 ==

bm +
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by -
im € Integers&&a; -
by -
imnS0&&n +
1<i<sp]&&
Not[1-bj+by +in € Integers&&1 -bj+bm +in <
0 &&
m+1l<j<q]
(I OBy + ) ITL T =g =) ‘ J
res 25,08, by —1u}| =
(T @i +9)) [Tyt T(1 = b — )
Zom+in (_l)z?:lim—jﬂ i ou-1 1 Skt
-1 k_o( k )[(n, et (@ = by = ) Tt T(1 = B + By + 1) ’

-j-1
0u—k-2) BellY[Table[{(—l)fj! [{ ﬁ T(a; — by — im)] ﬁ T(1=bj+by+ i,,,)] ,
J

i=n+1 j=m—u+1

J-i J-i q

8oy N (Y Ay ST l_[ T(1=bj+by +1in)
—us1=0 kq=0 Jj=m—-u+1

>0,

(—,Bj)k" (6%, + 6(k; — 1) BellY|Table[{1, YD1 = b+ by +1a))s {8 kj}]])]

P

Z Z 6; B3N lk kps1 + . +kp; knsts s kp) 1_[ I'(a; - b, —1,)

(6, +6(k; — 1) BellY[Table[{1, y~ (a; — by — i), {t, K]}, {7 -k =1}]| ]

1
k k :
ZZ(k; i jok—i-j) { S0 X 0 Oy, (ki + oo+ ks s oy i)
o [T T(b) = b = im) (6, + 6(k; — 1) BellY[Table[{1, =D (b; = by =)}, {t, K}]])

(- aj)" (6k, +6(k; — 1) BellY[Table[{1, y“"O(1 - a; + by +im)}, {t, k,}]])] (k—i-j)!

(D227 - 1) it By,

o b i, r}]]] J

. BeuY[Table[{(— 1Y (~u);,

ki=j
3 J(—log(z))’-“—f—f."z’n“ 0r — 1)
oy +
r=0 (k_l_J_zr)'
ueNAi, j1eNAl<j<us
mA
bm—j+l =
by, +
iy —
i,n_j+1/\05
j=<
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mA
-=@i-by-ineZNhaj—b,-1,<0An+1=<i<pA
(b +in—bj+1eZA
by +in—bj+1<0Am+1=<j=<gq)
Clear[restrictedMultidimensionalSuni ; restrictedMultidimensionalSun{ body_, k_, {Q_, M_}1] :=
Module[ {bodyl, kiterators},
bodyl = body /. Subscript[k, Q] - M - Sum|[Subscript[k, j]1, {j, 1, Q - 1}1];
kiterators = Table[ {Subscript[k, j], 0, M - Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q- 1}1;
If[Q === 1, body /. Subscript[k, j_] = M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] ] ]]
Ans = Quiet[Simplify[ Table[With[{m =7, n = 1, p = 2, q = 8},
{Solve[Table[Subscript[b, m-j+ 1] +s == —Subscript[i, m - j+ 1] + €, {j,u}l],
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}1111
11, Simplify[ Residuel[ (Product[Gamma[Subscript[b, j] + s], {j, 1, m}] =
Product[Gamma[1l - Subscript[a, i] - s], {i, 1, n}]) /
(Product[Gamma[Subscript[a, i] + s], {i,n + 1, p}] *
Product[Gamma[l - Subscript[b, j] - s], {j, m+ 1, q}]) /z"s,
{€, 0}, Assumptions » {And @@ Flatten]
Union[Table[ {Element[Subscript[i, m - j + 1], Integers] }, {j, 1, u}], Table][
{Subscript[i, m - j+ 1] 20}, {j, 1, u}]11}11 /.
Solve[Table[Subscript[b, m - j + 1] + s == -=Subscript[i, m - j + 1] + €, {j, u}1,
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}1111011,
z™ (Subscript[b, m] + Subscript[i, m]) *
(-1) ASum[Subscript[i, m - j + 1], {j, 1, u}] *Pi*u=*
Module[ {qqq, res0, res}, qqq[k_, u_] := (k! =
Sum[ ((-Log[z])*(k =2%r)/ (k=2%r)!) «Pi* (2*r) x (KroneckerDelta[r] +
(UnitStep[r - 1] /r!) = BellY[Table[ { (-1) *i* Pochhammer[-u, i],
((=1)M(i-1)%2% (20 (2%i - 1) - 1) #i! «BernoulliB[2%i]) / (2%i) '}, {i, 1, r}]11),
{r, 0, Floor[k/2]}]) /Pitru;
resO = (1/ (u-1)!) =Sum[Binomial[u - 1, k] =
(KroneckerDelta[u - 1 - k] / (Product[Gamma[Subscript[a, i] -
Subscript[b, m] - Subscript[i, m]1, {i, n + 1, p}]*
Product[Gamma[1l - Subscript[b, j] + Subscript[b, m] + Subscript[i, m]],
{jy m=-u+1,9g}]) + UnitStep[u - k - 2] =
BellY[ Table[{ (-1) Aj%j! % (Product[Gamma([Subscript[a, i] - Subscript[b, m] -
Subscript[i, m]], {i,n+ 1, p}] *
Product[Gamma[1l - Subscript[b, j] +
Subscript[b, m] + Subscript[i, m] ],
{i,m-u+19}1)"(-1-]), Sum[Binomial[j, i]*
restrictedMultidimensionalSuni Multinomial @@
Table[Subscript[k, i1, {i, p - n}1 = Product[
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Gamma/[Subscript[a, j] - Subscript[b, m] - Subscript[i, m] ] = (KroneckerDelta[ Subscript[k,
j-nl]1 + Belly[Tablel[ {1, PolyGamma]
-1 + t, Subscript[a, j] - Subscript[b, m] -
Subscript[i, m] ]}, {t, Subscript[k, j-n1}11), {j,n+ 1, p}l, k {p-n,i}]=*
restrictedMultidimensionalSun{Multinomial@@
Table[Subscript[k, j1, {j, g - m +u}] *
Product[Gamma[1l - Subscript[b, j] + Subscript[b, m] + Subscript[i, m]]
(-1) ASubscript[k, j = m + u] = (KroneckerDelta[
Subscript[k, j - m + u]] + BellY[Tablel]
{1, PolyGamma[-1 + t, 1 - Subscript[b, j] + Subscript[b, m] + Subscript[i, m] ]},
{t, Subscript[k, j- m+ul}ll),
{ibm-u+1,q}], k {g-m=+uj-i}]
{i, 0, j}]} /. Tablel —» Table /. BellY[{}] - 0, {j, u - k = 1}]]) = Sum][
Multinomial[i, hk-i- J] = restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, m = u}] = Product[Gamma[Subscript[b, j] -
Subscript[b, m] - Subscript[i, m]] * (KroneckerDelta[
Subscript[k, j1] + UnitStep[Subscript[k, j] - 1] *
BellY[Tablel[ {1, PolyGamma[t - 1, Subscript[b, j] - Subscript[b, m] - Subscript[i, m]]},
{t, Subscript[k, j1}11), {j, 1, m - u}],
k, {m - u, i}] *restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, n} ] = Product[
Gammal[l - Subscript[a, j] + Subscript[b, m] + Subscript[i, m]] =
(-1) ASubscript[k, j] » (KroneckerDelta[ Subscript[k, j1]1 +
UnitStep[Subscript[k, j1 - 1] = BellY[Tablel[ {1, PolyGamma[t - 1, 1 - Subscript[a, j] +
Subscript[b, m] + Subscript[i, m]1},
{t, Subscript[k, j1}11), {Jj, L, n}1, k, {n, j}]*
Derivative[k - i - j][f3] [0, {i, 0, k}, {j, 0, k}], {k, 0, u - 1}] /.
Tablel —» Table /. BellY[{}] - 1;
res = resO /. Derivative[s_.] [f3]1[0] = qqq[s, u] /. f3[0] = Pi* (-u); res] /.
Solve[Table[Subscript[b, m - j + 1] + s == —=Subscript[i, m - j + 1] + €, {j, u}1,
Union[ {s}, Table[Subscript[b, m - j + 1], {j, 2, u}111011}], {u, 1, 6}]]]
TableForm[Simplify[ Table[ {Ans[u, 11, Anslu, 21 /Ans[u,31}, {u, 1, 6}] /. Residuel » Residue /.
Gammal[1l + Subscript[i, ss_]] = Subscript[i, ss] !]]
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TableForm]
{{{s » € - Subscript[b, 7] - Subscript[i, 71}, 1}, {{s » € - Subscript[b, 7] - Subscript[i, 7],
Subscript[b, 6] —» Subscript[b, 7] - Subscript[i, 6] + Subscript[i, 7]}, 1},
{{s » € - Subscript[b, 7] - Subscript[i, 71,
Subscript[b, 5] » Subscript[b, 7] - Subscript[i, 5] + Subscript[i, 7],
Subscript[b, 6] —» Subscript[b, 7] - Subscript[i, 6] + Subscript[i, 7]}, 1},
{{s » € - Subscript[b, 7] - Subscript[i, 71,
Subscript[b, 4] —» Subscript[b, 7] - Subscript[i, 4] + Subscript[i, 7],
Subscript[b, 5] » Subscript[b, 7] - Subscript[i, 5] + Subscript[i, 7],
Subscript[b, 6] —» Subscript[b, 7] - Subscript[i, 6] + Subscript[i, 7]}, 1},
{{s » € - Subscript[b, 7] - Subscript[i, 71,
Subscript[b, 3] » Subscript[b, 7] - Subscript[i, 31 + Subscript[i, 7],
Subscript[b, 4] —» Subscript[b, 7] - Subscript[i, 4] + Subscript[i, 7],
Subscript[b, 5] —» Subscript[b, 7] - Subscript[i, 5] + Subscript[i, 7],
Subscript[b, 6] » Subscript[b, 7] - Subscript[i, 6] + Subscript[i, 7]}, 1},
{{s » € - Subscript[b, 7] - Subscript[i, 7],
Subscript[b, 2] —» Subscript[b, 7] - Subscript[i, 2] + Subscript[i, 7],
Subscript[b, 3] » Subscript[b, 7] - Subscript[i, 3] + Subscript[i, 7],
Subscript[b, 4] —» Subscript[b, 7] - Subscript[i, 4] + Subscript[i, 7],
Subscript[b, 5] » Subscript[b, 7] - Subscript[i, 5] + Subscript[i, 7],
Subscript[b, 6] —» Subscript[b, 7] - Subscript[i, 6] + Subscript[i, 7]}, 1}}]

Case of right u-th order poles

(T2, Gammal[b; +s]) T, Gamma([1 - a; - s]

Residue[ S l-anja+ in—J+1}] ==

(Mn.1Gammala;+ s1) Ty, Gamma[1- b - s]

-1l+ap-ip

Z o ( l)u+zj 1|n11 u-1
ZBlnomlal[u—l k]
(u-1)"! ko

KroneckerDelta[u - 1 -k]

(]‘lf’zn_udGamma[ai - 'l;L ai]) ]'[Jq:deamma[l -bj+ % Bj]

n

BellY[Table[{ [( ]_[ Gammal a; - “lranh ]] ﬁ Gamma[[1-b; +

i=n-u+1 n j=m+1

+ UnitStep[u-k-2]

An

-1 i- i-
BJ-]] ZB|nom|al J,I][ Z Z roneckerDelta[j—i, i kj]

j=m+1

-l+ay-ip,

ﬁj]

q
Multinomial[ k.1, -.-» H (Gamma[l bj +

J=m an

| 115

-l+ay-ip,
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(—Bj)kj (KroneckerDelta[ k] + UnitStep[kj - 1] BellY[Table[

{1, PolyGamma[t -1,1-bj+ L"_‘I” ﬁj]}’ {t’ kJ}”))]

Qap

[ IZ IZ KroneckerDelta[i, i kj] Multinomial[ky_ys1, -5 Kp ]
K

n-us1=0 kp=0 j=n-u+l
p -l+a,-ip K
H Gamma[aj——aj]aj‘

j=n-u+l n

(KroneckerDelta[ k] + UnitStep[ k; - 1] BellY[Table[{l, PolyGamma[
-1l+ap-Ip ]
t-1,5- —— g} {t1g}]]]| [} 1w - k-21]]

Kk i i
ZZ Multinomial[i, j, k -i-j] Piecewise[{ {1, m===u}}, [ Z Z KroneckerDelta[
i=0j=0 Ki=0  kp=0

m
i, ij] Multinomial[ky, ..., km ]

j=1
m -l+ap-i, K
H(Gamma[bj - Bj] B;’ (KroneckerDelta[ kj] + UnitStep[kj - 1] BellY[
j=1 @n
-l+ap-1
Table[{l, PolyGamma[t -1,b; - — 0 ,BJ-]}, {t, kJ}H))]]
Qn
J i n-u n-u
[Z Z KroneckerDelta[j, ij] Multinomial[ Kk, ..., kn_y1] HGamma[
Ki=0  Kny=0 D j=1
-l+ap-i, K
l-aj+ ——— aj] (-a;)" (KroneckerDelta[ kj] + UnitStep[kj - 1]
Qan
-l+ap-i
BellY[Table[{l, PolyGamma[t— 1,1-aj+ U aj]}, {t, kJ}]])]
an
Floor[b—hj

(k=i-j)! Belly|

m 1 (~Loglz]) 2T ( unitStep(r-1]
O, +
r!

5 (k-i-j-2n)!

Table[{(—l) "Pochhammer[ -u, i],

(-1)"12(22"-1-1)i! BernoulliB[2i]
( ) },{i,r}]]] /5
(2i) !
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u e Integers&&in_j,; € Integers&&i,_j,; 20&&1<j<
u=s<

n &&
an—j+1 ==

(_l+an _in) an—j+l

+
an

1-a,+i,
Integers&&a; + ————— a; < 0&&n +
an
lSiSp]&&
l-ap+ip 1-ap+iy
Not[l—bj—a— Bje Integers&&l—bj—a— Bj <
n n

0 &&

m+1<j< q]
(ITL T(bj +5)) TT- T = a; - 5)
S|
(M1 T@i + ) T T(1= b= 5)
me+i,,, (_1)2?:1i7r17j+] u-1

(u -1 ) Ou-k-1
+
w-1)! SN K (Tt T = by = 1)) Tt T(L = b4 by + 1)

z* , s, _bm - im}] =

-j-1
Ou—k-2) BellY[Table[{(—l)jj! [[ ﬁ T(a; — by — im)] ﬁ T(1=bj+by,+ i,,,)] ,

i=n+1 J=m—-u+1

i i q
o D0t (st + oo+ g s o kg) [ ] T(U=0y 4 by + 1)

(/)

kw1 =0 k=0 JEm—u+l

(—,B/-)k’ (6%, + 6(k; — 1) BellY|Table[{1, YD1 = b+ by +1a))s {8 kj}]])]

i i p
Do Dbt et + o+ s Kt s ) | ] @ = by =)
k=0 k,=0 Jj=n+l
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(6, +6(k; — 1) BellY[Table[{1, y~"a; = by — iw), {t, kD)), {7 u -k = 1)]| ]

1
k k . .
ZZ(k, i, js k - l - ]) { Zﬁq:O Z;anFO 6;’,2’;’:‘,%/ (kl +...+ km—u; kl, ceey km—u)
=0 /=0 [BT(b; by — i) (54, + 0(k; — 1) BellY[Table[{1L, y(b, — b,y — i, {2, &)

(-a j)"f (6k, + 6(k; — 1) BellY[Table[{1, ¢~ (1 = a; + by +im)}, {t, kj}]])] (k—i-))

,- (DT 2(227 - 1)it By
BeuY[Table[{(-l) (~u);, Yy 1, ””] /5

k-i-j

= J(—log(z))’f*?*f*ZrnZF 0r—1)
o, +

o (k—i-j-2r) r!

ueNAl,_j1eNAl<j<us<
mA

bm—j+1 =

b, +

I
-1 A0 <
j=
u=<
m A
—(@-by-in€ZNaj—by, -1, <0An+1=<i<pA
= (b +in-bj+1eZA
by+in—-bj+1<0Am+1=j=<gq)
Clear[restrictedMultidimensionalSuni; restrictedMultidimensionalSun{body_, k_, {Q_, M_}] :=
Module[ {bodyl, kiterators},
bodyl = body /. Subscript[k, Q] » M - Sum[Subscript[k, j1, {j, 1, Q - 1} 1];
kiterators = Table[ {Subscript[k, j], 0, M — Sum[Subscript[k, i], {i, 1, j-1}1}, {j, Q- 1}1;
If[Q === 1, body /. Subscript[k, j_] = M,
Sum[Evaluate[bodyl], Evaluate[Sequence @@ klterators] 1] ]
Ans = Quiet[Simplify[ Table[With[{m =1, n =7, p = 8, q = 2},
{Solve[Table[1 - Subscript[a, n - j + 1] - s == =Subscript[i, n - j + 1] - €, {j, u}],
Union[ {s}, Table[Subscript[a, n - j + 11, {j, 2, u}]111[11,
Simplify[ Residuel[ (Product[Gamma[Subscript[b, j1 + s1, {j, 1, m}] *
Product[Gamma[l - Subscript[a, i] - s], {i, 1, n}]) /
(Product[Gamma[Subscript[a, i] +s], {i,n+ 1, p}] *
Product[Gamma[1l - Subscript[b, j]1 - s], {j, m+ 1, q}]) /z"s, {€, 0},
Assumptions » {And @@ Flatten[Union[Table[ {Element[Subscript[i, n - j + 1], Integers] }, {j, 1,
u} 1, Table[ {Subscript[i, n - j+ 1] =20}, {j, L, u}111}11 /.
Solve[Table[1 - Subscript[a, n = j + 1] - s == —Subscript[i, n - j + 1] - €, {j, u}1l,
Union[ {s}, Table[Subscript[a, n - j + 1], {j, 2, u}11]1011,
zM (-1 + Subscript[a, n] - Subscript[i, n]) =
(=1) A (u + Sum[Subscript[i, n - j + 1], {j, 1, u}]) *Pi'\u*Module[{qqq, res0, res},
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] := (k! *Sum[ ((-Log[z])"(k=2xr)/ (k=2%r)!) *Pi*"(2«r) * (KroneckerDelta[
r] + (UnitStep[r - 1] /r!) = BellY[Table[ { (-1) i * Pochhammer[
—u, 0], ((=1)A(i=1)%2% (2A(2%i-1) — 1) %i! *
BernoulliB[2%i]) / (2i) !}, {i, 1, r}]1]1), {r, O, Floor[k/2]}]) /Pitu;

resO = (1/ (u-1)!) »Sum[Binomial[u - 1, k] =
(KroneckerDelta[u - 1 - k] / (Product[Gamma[1l + Subscript[a, j] -

qqqlk_, u_

Subscript[a, n] + Subscript[i, n]], {j, n—u+ 1, p}]=*
Product[Gamma[ -Subscript[b, j]1 + Subscript[a, n] - Subscript[i, n1], {j, m + 1, q}]) +
UnitStep[u - k - 2] = BellY[ Table[
{(—l) '\j*j ! (Product[Gamma[1l + Subscript[a, j] - Subscript[a, n] + Subscript[i, n]1, {j,
n-u+1, p}] *ProductfGammal[-Subscript[b, j] +
Subscript[a, n] - Subscript[i, n] ],
{i»m+1,q9}])"(-1- J), Sum[Binomial[j, i] * restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, p-n+u}]*
Product[Gamma[1l + Subscript[a, j] -
Subscript[a, n] + Subscript[i, n]] * (KroneckerDelta[ Subscript[k, j - n + u]] +
BellY[Tablel[ {1, PolyGamma[-1 + t,
1 + Subscript[a, j] - Subscript[a, n] + Subscript[i,
n11}, {t, Subscript[k, j-n+ul}]]), {jyn-u+1,p}l,k, {p-n+ui}]=
restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j1, {j, g - m}] *
Product[Gamma[ -Subscript[b, j] + Subscript[a, n] - Subscript[i, n]] % (-1) ASubscript[k,
j — m] % (KroneckerDelta[ Subscript[k, j - m]] +
BellY[Tablel[ {1, PolyGammal[t - 1,
-Subscript[b, j] + Subscript[a, n] - Subscript[i, n]11}, {t, Subscript[k, j - m]}]1),
,m+1,9}1, k {qg-m,j-i}],
{i, o, J}]} /. Tablel » Table /.

BellY[{}] - 0, {j, u - k - 1}]]) * Sum[
Multinomial[i, j, k = i - j] * restrictedMultidimensionalSun{

Multinomial @@ Table[Subscript[k, j1, {j, m}] *
Product[Gamma[1l + Subscript[b, j] - Subscript[a, n] + Subscript[i, n]1] *
(KroneckerDelta[ Subscript[k, j]1]1 + UnitStep[Subscript[k, j] -
1] »BellY[Tablel[ {1, PolyGamma[t - 1,
1 + Subscript[b, j] - Subscript[a, n] + Subscript[i, n]11}, {t, Subscript[k, j1}11),
{i» 1, m}1, k, {m, i}] *restrictedMultidimensionalSun{
Multinomial @@ Table[Subscript[k, j], {j, n = u}] = Product[
Gamma[-Subscript[a, j] + Subscript[a, n] - Subscript[i, n]] *
(=1) "Subscript[k, j] » (KroneckerDelta[ Subscript[k, j11 +

UnitStep[Subscript[k, j] - 1] *BellY[Tablel[ {1, PolyGamma[t - 1, —Subscript[a, j] +
Subscript[a, n] - Subscript[i, n]]}, {t, Subscript[
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K J131D), 4 Lon-ubl, k {n-u, jj]«
Derivative[k - i - j] [f31[01, {i, 0, k}, {j, 0, k}], {k, 0, u-1}]/
Tablel -» Table /. BellY[{}] - 1;
res = res0 /. Derivative[s_.] [f3] [0] = qqq[s, u] /. f3[0] = Pi* (-u); res] /
Solve[Table[1 - Subscript[a, n - j + 1] - s == =Subscript[i, n - j + 1] - €, {j, u}l,
Union[ {s}, Table[Subscriptfa, n - j + 11, {j, 2, u}111011}], {u, 1, 6}]]]

TableForm[FullSimplify[ Table[ {Ans[u, 11, Ans[u, 21 /Anslu, 31}, {u, 1, 6} ] /. Residuel » Residue] ]

TableForm[ {{{s » 1 + € - Subscript[a, 7] + Subscript[i, 7]}, 1},
{{s > 1+ € - Subscript[a, 7] + Subscript[i, 7],
Subscript[a, 6] = Subscript[a, 7] + Subscript[i, 6] - Subscript[i, 7]}, 1},
{{s > 1+ € - Subscript[a, 7] + Subscript[i, 71,
Subscript[a, 5] - Subscript[a, 7] + Subscript[i, 5] - Subscript[i, 7],
Subscript[a, 6] - Subscript[a, 7] + Subscript[i, 6] - Subscript[i, 7]}, 1},
{{s > 1+ € - Subscript[a, 7] + Subscript[i, 71,
Subscript[a, 4] - Subscript[a, 7] + Subscript[i, 4] - Subscript[i, 7],
Subscript[a, 5] - Subscript[a, 7] + Subscript[i, 5] - Subscript[i, 7],
Subscript[a, 6] - Subscript[a, 7] + Subscript[i, 6] - Subscript[i, 7]}, 1},
{{s > 1+ € - Subscript[a, 7] + Subscript[i, 71,
Subscript[a, 3] - Subscript[a, 7] + Subscript[i, 3] - Subscript[i, 7],
Subscript[a, 4] - Subscript[a, 7] + Subscript[i, 4] - Subscript[i, 7],
Subscript[a, 5] = Subscript[a, 7] + Subscript[i, 5] - Subscript[i, 7],
Subscript[a, 6] - Subscript[a, 7] + Subscript[i, 6] - Subscript[i, 7]}, 1},
{{s > 1+ € - Subscript[a, 7] + Subscript[i, 71,
Subscript[a, 2] - Subscript[a, 7] + Subscript[i, 2] - Subscript[i, 7],
Subscript[a, 3] - Subscript[a, 7] + Subscript[i, 3] - Subscript[i, 7],
Subscript[a, 4] - Subscript[a, 7] + Subscript[i, 4] - Subscript[i, 7],
Subscript[a, 5] - Subscript[a, 7] + Subscript[i, 5] - Subscript[i, 7],
Subscript[a, 6] - Subscript[a, 7] + Subscript[i, 6] - Subscript[i, 7]}, 1}}]

Fox-H transform as case of integral transforms

(ai, ai) 1
HIF[t], tx]——jOHm”xt| (b ).
1~

Below we present formulas which defined about 100 integral transforms: Abel

]f[t]d/t

transform, Bessel H-transform (StruveTransform), Bessel Y-transform
(NeumannTransform), Buschman transform,

FourierTransform, FourierCosTransform, FourierSinTransform, Fourier-Stieltjes
transform, G-transform, generalized Laplace transform, HankelTransform, Hartley
transform, Hermite transform, Hilbert transform, Kontorovich-Lebedev transform,
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LaplaceTransform, Mehler-Fock transform, Generalized Mehler-Fock transform,

Meijer transform, MellinTransform, Narain G-transform, Olevski transform,

RadonTransform, Riemann-Liouville-transform (FractionalD), Riesz transform,

Stieltjes transform, Two-sided Laplace transform, Weierstrass transform, W-transform

and Weyl transform. Also for many of them we present their generalizations with

parameter aincluded in factor t* and give representation formulas through the more

general GTransform with function MeijerG in the kernel.

Integral transforms, big picture

Information[ "« Transformx"]

v System”

AffineTransform

AudioSpectralTr-.
ansformation

BilateralLaplace-.

Transform

BilateralZTransf-.
orm

BottomHatTrans".

form

ConfidenceTran-.
sform

ContinuousWave-.

letTransform

CoordinateTrans-.

form

CoordinateTrans:.

formData

DirichletTransfo-.
rm

NicrrataChirn7T:

FindRegionTran-.
sform

FourierCosTrans-.
form

FourierSequenc-.
eTransform

FourierSinTrans-.
form

FourierTransform

GeometricTransf-.
ormation

GeometricTransf-.
ormation3DBox

GeometricTransf-
ormation3DBox-.
Options
GeometricTransf-.
ormationBox

GeometricTransf-.
ormationBoxOp-.
tions

InverseBilateral-.

LaplaceTransfor-.

m

InverseBilateral-.
ZTransform

InverseContinuo-.
usWaveletTransf-.

orm

InverseDistance-.
Transform

InverseFourierC-.
osTransform

InverseFourierS-.

equenceTransfo-

rm

InverseFourierSi-.

nTransform

InverseFourierTr-.

ansform

InverseHankelTr-.

ansform

InverseLaplaceT-.

ransform

InvarcaMallinTra:

LinearFractional-
Transform

LinearizingTrans-.
formationData

ListFourierSequ-.
enceTransform

ListZTransform

MellinTransform

MorphologicalTr-.
ansform

Nondimensional-.
izationTransfor-.
m

RadonTransform

ReflectionTransf-.
orm

RescalingTransf-.
orm

RntatinnTrancfn-

StationaryWavel-.
etPacketTransfo-
rm

StationaryWavel-
etTransform

TopHatTransform

TransferFunctio-.
nTransform

Transformation-.
Class

Transformation-.
Function

Transformation-.
Functions

Transformation-.
Matrix

TransformedDis-.
tribution

TransformedField

TrancfarmadPrn-
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HankelTransform
ransform nsform rm cess
DiscreteHadama. HistogramTrans-. InverseRadonTr" . TransformedReg-.

ScalingTransform |
rdTransform form ansform ion
DiscreteWavelet-. HistogramTrans-. . . . . .
. . InverseTransfor. ShearingTransfo. TranslationTran-
PacketTransfor. formlinterpolati- .
medRegion rm sform

m on
DiscreteWavelet. . | InverseWaveletT-. SkeletonTransfo-

HitMissTransform ZTransform
Transform ransform rm
DistanceTransfo.. ImageForwardTr-. InverseZTransfo-. SpatialTransfor-
rm ansformation rm mationLayer

ImagePerspectiv- .
. . StateSpaceTran-.
FillingTransform eTransformatio. LaplaceTransform

sform

n
FindGeometricT-. ImageTransform-. LiftingWaveletTr-. StateTransform-
ransform ation ansform ationLinearize

FCF[t], t x] ==fbK[X,t] flt] dt==g[x]

FKgIx],x, t] ==f[t] (%77+)

convolution transforms or index transforms or other

g, [F1t],t,x] =j:K1[xt1f[t1dt==g[x1

7<-2 [f[t]:t,X]

X
=rK2[—]f[t1drt==g[x1 (#9C, [F[t],X] )
0 t

%5 [F1],t,x] =f:K[x—t1 FIt] dit== g [x]

Information[Convolve]
Out[«]=

Symbol

Convolve[f, g, x, y] gives the convolution with respect to x of the expressions f and g.
Convolvelf, g, {x1, x2, ...}, {¥1, ¥2. ...}] gives the multidimensionalconvolution

Documentation web »
Attributes {Protected, ReadProtected}

Full Name System'Convolve


http://reference.wolfram.com/language/ref/Convolve.html
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Some examples of integral transforms

1 i
FourierTransform[f[t],t,x] == rf[t] e’ *dt
27 777

LaplaceTransform[f[t],t,x] == re'“f[t] dt==g[x] («K[y]==e"7%)
0

LaplaceTransform[f[t],t,x] == '\lZn FourierTransform[UnitStep[t] f[t],t, 7 x]

HankelTransform[f[t],t,x,v ] ==

rBesselJ[v,xt]f[t]tdlt::g[x] (*K[y]==Besseld[v,y] *)
0

FourierCosTransform[f[t],t, x] ==

2
- o f dt== *K ==./2 C *
1/::]: os[xt] Flt] dts=glx] (+K[y]=1%Cos[y]+)

MellinTransform[f[t],t,x] == rt"'lf[t] dt==g[x] (*K[xt]==t""1x)
0

MellinTransform[f[t],t,x] == '\j2n FourierTransform[f[e™"], t, i x|

1 + 1 oo
InverseMellinTransform[F [x], x, t] == J‘V FIx]t 7 dx (%==f[t] )
2gti Jy

—iw
x.1
MellinTransform[rf[t] * g[—] - dt, t,x] ==
0 t-t
MellinTransform[f[t],t,x] = MellinTransform[g[t],t, x]

MellinTransform[ta rrb'lf[rc] gltre] dlr,t,x] ==
0

1 b-e (a+x)
MellinTransform[f [t],t, ——
Abs|[c] o

] MellinTransform[g[t],t,a+x] /;

c*+ 0Ac e RealsA e € Reals

rrb'lf[rc] gltré]dr ==
0

b-e (a+x)

]

=1 oo

t-° +7 o
jv (MellinTransform[f[t],t,
Y (d

Abs[c] 2 i

MellinTransform[g[t],t,a + x])t'x d x
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Inverse Mellin transforms
06.05.22.0007.01
InverseMellinTransformGamma|[s],s,t] ==e~t /;Re[s] >0

06.05.22.0002.01
InverseMellinTransformGamma|[s] Gamma[a-s],s,t] == (1+t) ®Gammala] /;

0 <Re[s] <Re[a]

06.05.22.0003.01
Gamma/|s]

InverseMellinTransforn‘{ ,S, t] == tl_;a BesselJ[a -1,2 '\F] /;

Gamma[a-s]

2Re[a] +1
0<Re[s] « —

06.05.22.0004.01

Gamma/(s] (1-t)2 lUnitStep[1-t] l

InverseMellinTransfom{ s,t] ==

Gamma[a+s]’ Gammala]

Re[a] >0ARe[s] >0

06.05.22.0005.01
M_,Gammala, +s] P.,Gamma[b, - s]
InverseMellinTransfor ,s,t] ==
Mt_,Gammal(c, +s] TP.,Gamma|d, - s]

MeijerG[{{l_bly---al_bB}: {Cla---1CC}}a {{ala---: aA}’ {l_dla---al_dD}}:t] /,
A B C D
A==A+D-B-CA ==A+B—C—DAV==Zak+Zbk— ch- de/\
k=1 k=1 k=1 k=1

-Min[Re[a;],...,Re[aa] ] <Re[s] <Min[Re[b;],...,Re[bg]]A

wE
((Abs[Arg[t]] <—I\E>0)V
2
E E
(Abs[Arg[t]]==—/\E>0AARe[s] +Re[v] - — <—1)v
2 2
1
(t>0AE==0AA=0AARe[s] +Re[v] <—)v
2

(t>0AE==0AA==0A ((Re[v] <OAtx1)V (Re[v] <-1/\t==1))))
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More examples of Fox H-transform (in Mathematica)

GenericlntegralTransform[f[x], x, z,
{"H": { { {a1: al}: eeey {an, an} }: { {an+1, an+1}: (AL} {aps ap} } }:

{{{bl’ ﬁl}a---a {bm’ﬁm} }’ {{bm+13 pm+1}a---’ {bqa Bq}}}}]

In[«]:=
GenericlntegralTransforn{Exp[-a xcatala"], Xz, {"H", {{}, {1}, {{{0,1}}, {}}}]

Out[«]=
[{{{0,Catalan}}, {}}, {{{0,1}}, {}},azcrl]
z
In[«]:=
GenericlntegralTransforn{ Exp[ -ax®*#"],
X,z {"H", {{}, {{B,1}}}, {{{0,1}}, {}}}]
Out[«]=
[{{{0,Catalan}}, {}}, {{{0,1}}, {{-B, Catalan}}}, az c@ln]
Z
In[«]:=
GenericlntegralTransforn{Exp[-ax®®®"| x,z, {"H", {{{B,1}}, {}}, {{}, {{0,1}}}}]
Out[e]=
[{{},{{0,Catalan}}}, {{{0,1}, {-B, Catalan}}, {}}, az Cotla"]
Z
In[«]:=
With[{ﬁ = Random|[],a = Random[],z=Random[],r=3/ 5},{Nlntegrate[
1
Exp[-ax"] (1-xz)p'1UnitStep[1—Abs[xz]],{x,O,—}],Gamma[B]
z
[{{{0,r}}, {}}, {{{0,1}},{{-B,r}}},az™"] .
}] I I Activate / | Chop
z
Out[«]=

{1.11603,1.11603}
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In[«]:=
With[ {B =Random|[],a =Random[],z=Random[],r = Catalan},{NIntegrate[

1
Exp[-ax'] (1-xz)# ! UnitStep[1 - Abs[xz] ],{x, 0,—}],Gamma[ﬁ]
V4

[{{{0,r}}, {}}, {{{0,1}}, {{-B,r}}},az™"

z

]
}] I I Activate / | Chop

Out[«]=

{9.83538, 9.83538}

Infe]:=
With[{p = Random|[],a=Random[],z=Random[],r=1/ 5},{Nlntegrate[

1
Exp[-ax"] (xz=-1)?"tUnitStep[Abs[xz] - 1],{x,—,oo}],Gamma[ﬁ]
z

[{{},{{0,r}}},{{{0,1},{-ﬁ,r}},{}},az'r]}

] I | Activate / | Chop
z

Out[«]=

{162646., 162646.}

In[e]:=

Catalan
With[{ﬁ = Random|[],a = Random[ ],z =Random]|[],r =

}, {Nlntegrate[

1
Exp[-ax"] (xz-1)f"tUnitStep[Abs[xz] - 1],{x,—,oo}],Gamma[ﬁ]
z

[{{},{{OJ}}},{{{O,I},{-B,r}},{}},az'r]}

z

] I I Activate / | Chop

Out[«]=

{9819.7,9819.15}
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In[«]:=

1
Table[{lntegrate[Exp [-ax"] (1-xz)B1, {x, 0, —}, GenerateConditions—» False],
z

Gamma|[B] z!"# ResourceFunction["FractionalOrderD'] [Exp[-az"],
1
{z,-B}] |.z2> —}, {n,2,5}] I I Activate / | PowerExpand
z

Out[-]=
HypergeometrlcPFQ[{— 1}, { §,1+§},_Z—az]

{ 2 ,

win
+

HypergeometrlcPFQ[{3 3,1} {§ g,

{ zB ’

3'5GammaE Gamma 2 Gammal[g]
3 3

2 1 a
HypergeometrlcPFQReguIarlzec[{ 1}, {1+— (-2+B8),1+- (—1+B),1+—}, - }
3 z
1 1 3 1 1 3
{HypergeometrlcPFQ[{Z > Z’l}’{Z+§’E+§’Z+§’l+§}"§] 1
zB "z

{3%,3J}{1+E(‘3+ﬁ%1+%(—2+3%1+%(—1+B%1+§}r“%]}

4
1 2 3 4 1 2 3 4
{HypergeometrlcPFQ[{g 5, g’g,l}’{g+§’g+§’g+‘§’g+§’1+§}’-%]
zp
2 3 4

é 5°F Gamma[i] Gamma[g] Gamma[g] Gamma[g]

1

2 3 4

Gammal[ ] HypergeometrlcPFQRegularlzef{{ - =, = 1},
555
1 1 1
{1+—(-4+5%1+—(-3+3)1+—( 248),14-
5 5 5

(-1ep 102} -2

In[e]:=
Part[#,1]
—— & /@% / | FunctionExpand/ / FullSimplify
Part[ 4, 2]

Oout[]=
{1,1,1,1}
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Special case: {m,n,p,q}=={1,0,0,1} (*e~*7)

In[«]:=
With[{m:l,n:O,p:O,q:l},

{FOXH[{TabIE[ {ai,ai}, {islan}]:Table[ {ai’ai}a {i,n + 17 p} ] }:

{Table[ {bi’ ﬁi}, {iylym}]’Table[ {bi: pi}: {I,m + 1,CI} ] }:
1

z], Contourlntegrate[

2t i
(TTZ,Gammal[b; + Bjs])TT.;Gamma[l-a; - a;s]

z7%, {s,L}]}]
(T-..1Gammala; + a;s])Tf.,,1Gamma[1l-b; - Bjs]

Out[«]=

{FOXH[{{},{}},{{{bl,ﬁl}},{}},Z],—

i ContourIntegrate[z™®> Gammal[b; +s 811, {s, L} ] }

277

Generalized Mellin Parseval relation:

rrb'lf[rc] gltreldr ==
0

b-e (a+x)

]

-0

t_a +1i o
IV (MellinTransform[f[t],t,
1

Abs[cl 2§ o

MellinTransform[g[t],t,a + x])t"'1 d x

(# Mo (2] (b1,B1) J==) FoXHI{{}, {}}, {{{by, Br}}, {}},2] ==
1

Integrate[Gammal[b; +sB;] 2%, {y -l oo,y +f 0} ]

2717
H(},’{)(Z | (b1, B))

In[«]:=

fl[z 1= %;g[z =€~

In[e]:=
Pl frTC] gt

Out[«]=
e

-1¢-t ¢ T -1+b
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In[«]:=

b-e (a+Xx)
(MellinTransform[f [t],¢t, —] MellinTransform[g[t],t,a + x]
c
out[]=
b-e (a+x)
Gammala +x] Gamma[ ]

C

In[#]:=
With[{a: Random|[],b = Random[],c=Random[],e = =Random|[],t = Random|[],

y=Random[1},{ [e°f[t] ~g[tT°],{1,0,00}],

[(Gamma[a+x] Gamma[b'Lca”)])t"‘, {X,y=f oo,y +1 oo}]

11
t® (Abs[cl2mi) }
Activate / / Chop

Out[-]=
{1.28253, 1.28253)}

In[«]:=
With[{a = Random|[],b = Random|[],c =Random|[],e = Random[],t = Random]|[ ],

v =Random([ ]}, { [T 1] v glte], {7,0,00}],

[(Gamma[a+x] Gamma[Lca”)])t"‘, {X,y =G oo,y +1 oo}]

11
t? (Abs[cl2mi) }
Activate / | Chop

Out[«]=
{0.604976, 0.604976}

In[e]:=
With[{m:l,n:O,p:O,q:l},

{FoxH[{Table[ {ai’ai}’ {islan}]’Table[ {ai’ai}a {i’n + 1: p} ] }:

{Table[ {bi’ ﬁi}, {i,l,m}],Table[ {bi’ pi}: {I,m + 1;CI} ] }:
1

z], Contourlntegrate{

251l

(TTZ,Gammal[b; + Bjs])TT.;Gamma[l-a; - a;s]

z7, {s,L}]}]
(-,.1Gammala; + a;s])Tf.,,1Gamma[1l-b; - Bjs]
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Out[«]=

In[«]:=

Out[-]=

In[«]:=

Out[e]=

{FOXH[{{}’{}},{{{bl,pl}}a{}};Z];
1

Contourlintegrate[z™°*Gamma/[b, + B;s], {s, L} ]}
25 i

Solve[b; + B;s==-k,s]

(252

-k-b
Residue[z'sGamma[bl+s[31],{s, 1},
B1

Assumptions— {k e Integers&&k > 0&& B, € Reals&& 8; > 0}]

Kb
(—l)kzﬁl B
k! B

Sum[%, {k,0,00} ]

Y

e ™"z

B1

FoxH[ {{}, {}}, {{{by,B1}}, {}}, 2] ==

1 e_zn ZB:
Contourlntegrate[z™®Gamma[b; + Bys], {s, L} ] ==
2t i B
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Other {m,n,p,q}
In[«]:=
With[{m:l,n:O,p:O,q:l},
{FOXH[{TabIE[{ai,ai}, {isl;n}]7Table[{ai’ai}; {i,n"'l:p}]}s
{Table[{bisﬁi}, {iylym}]’Table[{bi’pi}’ {i,m"'l;CI}]},
1
z], Contourlntegrate[
2t i
MT.,Gammalb;+ Bijs])T.;Gammall-a;-a;s]
( =1 J J ) 1 —s, {S,L}]}]
(T-..1Gammala; + a;s])Tf.,,1Gamma[1l-b; - Bjs]
Out[«]=

i ContourIntegrate[z™®> Gammal[b; +s 811, {s, L} ]
{FoxH[{{},{}},{{{bl,Bl}},{}},Z],— }

277

mn[ | (al’a)lp ==Hmn ‘ (al’al),n-, (aman): (an+1;an+1),-~-,(3p:ap) ](_)
p.q P.q
bj, BJ (bl’ Bl) PRRES] (b,.,,, Bm) ’ (bm+l; Bm+1) PIRRES (bqa ﬁq)
mtimes ntimes

+ +(bj, BJ) —...—(aj,aj)
oot (ap @) —...= (b}, B)

p-ntimes g-mtimes

j.iGamma[b;+B;s]Tlj.;Gamma[l-a;-a;s] y
X* e

M-ns1Gammala; +a;s] Mi.p,Gamma[l-b;-B;s]

mtimes ntimes
+ + (bj, ﬁj) - ™ (aj, aj)
.+ (aa;) -...- (b;, Bj)

p-ntimes g-mtimes

Xx~% (*xFor FoxHx)

j.iGammal[b; + s] ﬂ7=1Gamma[1—a/—s] By
X e

M-ns1Gammala; +s] M., Gamma[1l- b, - 5]

m times ntimes
+...+bj =773 s B
X~ (*=For MeijerG %)
...+ a5 -—-...- bj
—— ——

p-ntimes g-mtimes

Gammal[ b, + B:1 5] s 10

X ‘-’Ho,l[Zl (bj,l}j) ]x's<—)(+.ﬁl :)x's (xLaplace )

1
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Gammal[b; + B; 5] o
“

Gammal[a; + a; s]

(aua)n - +f;
H11[ | bJ’lel (—)(

Gammal[b; + B1s] Gamma[l-a; -a; s]

o ')x'S ( «Hilbert, Riesz,2 Hankel, Weyl & Riemann =)
+Qa; .

X e

Gammal[a, +a,s] Gammal[l- b, - B, 5]

(ai, ai) 1, _S(_)(+ﬁl -a;

H | )x‘s (*Hilbert, Riesz,2 Hankel, Weyl & Riemann )
22[ bj,pj 12 +a; _ﬁl

FractionalOrderD case (Riemann-Liouville integral)

In[e]:=
With[{m:l,n:O,p:l,q:l},

{FOXH[{Table[ {ai, ai}a {i:lan} ]:Table[ {aia ai}’ {i,n + lap} ] }7

{Table[ {bi7 ﬁi}, {i’lam} ],Table[ {bia pi}’ {I)m + 1’q} ] };
1

z], Contourlntegrate[

2t i
(T2, Gammal(b; + Bjs])TT.;Gamma[l-a; - a;s]

z7°, {s,L}]}]

i Contourlntegrate{w, {s, L}]

Gammala;+sa;]

{FoxH[{{},{{al,al}}},{{{bl,Bl}},{}},Z],— }
27T

(M-...Gammala; + a;s]) ., Gamma[1l-b; - B;s]

Out[«]=

In[«]:=

Z'SGamma[b1+SB1] { —k—bl}
b S’ b
B
Assumptions— {k e Integers&&k > 0&& B; € Reals&& ; > 0}]

Residue
[ Gammal[a; +sa;]

Out[«]=
Kb
(—l) k ZB1 B

k! Gamma[al - %] B1
1
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FoxH[ {{}, {{ap, ai}}}, {{{by,B1}}, {}} 2] ==

1 z"SGammal[b; +s8;]

Contourlntegrate[ , {s,.[,}]::
25t i Gammala; +sa;]
k b,
(=1)%ze"n
Sum — ,{k,O,co}]
k! Gamma[a1 - % ] B:
In particular, for 8; == a; we have:
FoxH[ {{}, {{an, a1} }}, {{{by,ai}}, {}},2] ==
In[«]:=
L
(—l)kzﬁl B1
Sum ,{k,O,oo}] I.By-aj I I Simplify
k1 Gamma[al - Leby) ey ] B
B
Out[«]=
by 1\-1+ 1—b1
zu (l—za_l) ’
Gammala; -b;] a;
In[«]:=
by 1\-1l+a;-b;
Za 1—zax)
{FOXH[{{}’{{alaal}}}’{{{bl’al}}’{}}azl, /.
Gammala; -b;] a;
Random|[ ]
{z->—,a1—>Random[],a1—>Random[],b1->Random[]}
10
Out[«]=
{0.0825744, 0.0825744)}
In[«]:=
{FoxH[ {{}, {{ap,ar}}}, {{{by,ar}}, {}},z],0} /.
{z-> Random|[ ] +10,a; » Random|[ ], a; » Random|[ ],b; » Random|[ ]}
Out[«]=
{0.,0}
Z:_i (l_za_ll)-hal-bl

1
Gammala;-b;] a; Abs [Z] m<l
0 True

FoxH[ {{}, {{ap, a1} }}, {{{byai}}, {}} 2] ==
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Meijer kernel BesselK case

In[«]:=
With[{m=2,n=0,p=0,q=2},

{FOXH[{TabIE[ {ai,ai}’ {islan}]’Table[ {ai’ai}; {i,n + 17 P} ] }:

{Table[ {bis ﬁi}, {iylym}]’Table[ {bi’ pi}’ {I,m + 1;CI} ] }s
1

z], Contourlntegrate{

251l

(TT.,Gammal[b; + B;s])TT.;Gamma[l -a; - a;s]

z7, {s,L}]}]
(T-..1Gammala; + a;s])Tf.,,1Gamma[1l-b; - Bjs]

Out[«]=

{FOXH[{{}: {}}’ {{{blxﬁl}: {b2’ﬁ2}}: {}},Z],

i Contourintegrate[z™> Gammal[b; +s B;] Gammal[b, +sB,], {s, L} ] }

277

In[«]:=

-k-b
Sum[Residue[z‘S Gammal[b; +sB;] Gammal[b, +s 8,1, {s, 1},
B

Assumptions— {k € Integers&&k >0&& 8, € Reals&& 3, >0} ], {k, 0, oo}] +

-k-b
Sum[Residue[z'S Gammal|[b; +s B;] Gammal[b, +sf,], {s, 2},
B2

Assumptions— {k e Integers&&k > 0&& B, € Reals&& 8, >0} ], {k,0, oo}]
Out[e]=
LD k+by) B
-1)kze"h Gamma[b2 - ¥]

e ( B1
+

k! B K

k by
(-1)%z5"5 Gamma[bl - M]

B2
k! B,

MM s

1
o

Case B1:==0;:
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In[«]:=
k by
w (=1)Kz8"% Gamma[bz - %]
- +
k=0 k! pl
k b,
w (=1)Kze"m Gamma[bl - %
2
> I.{B2>B1}
k=0 k ! l32
Out[«]=
by L \-by+by L
Zh (zzm) Bessell[bl -b,, 222/31] Gamma[l+b;-by] Gamma[-b; +b;y]
+
B1
b1 \bi-by L
Zh (2261) Bessell[—bl + by, 22251] Gammal[b; -b;] Gamma[l-b; +b,]
B1
In[«]:=
% | | PowerExpand / / FullSimplify
Out[«]=
bty =S
22725 BesselK[bl - b,, 2225 ]
B1
In[«]:=
busby L
2z 24, BesselK[bl -by,2 zm]
{FOoXHL L}, (3}, (00by Bi}, (b B2} ), (1),21, }.
B1
Random| ]
{B2-B1} /-{Z->—,a1—>Random[],
10
b, » Random|[ ], B8; » Random|[ ], b; - Random| ]}
Out[«]=

{0.534003, 0.534003}

b; +b,

1
22z 26 BesselK[bl -b,, 222 ]

FoxH[ {{}, {}}, {{{by, B1}, {b2, B2} }, {}} 2] == p
1

-k;-b -k, -b
Logarithmicalcase, LYY

B1 B
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In[«]:=
-ki=-b; =-ky-b,
Solve[ - == €, k2] I I ExpandAll
B1 B2

out[]=

{{kz—)—b2+6ﬁ’2+

+

by B2 kiB:
5

In[e]:=

-k;i-b; -k,-b,
{z'sGamma[b1+sﬁl]Gamma[b2+sﬂz], s }/.{ﬁ1->2,B2->3}
B B2
Out[e]=
1 1
{z'sGamma[25+b1]Gamma[3s+b2],5 (_bl_kl):g (-bz—kz)}

In[«]:=
1 1
Solve[— (=by —ky) == (=by—kjy) ==0,k2]
2 3

Out[«]=

{{kﬁ% (3b1—2b2+3k1)}}

-k;-b
Residue[z's Gamma[2s+b;] Gamma[3s + bz],{s, ;}]
B1

In[«]:=

-k, -b
z°*Gammal[b; +sB8;] Gammal[b, +s 8] /.{sa# + c}l
B2

by B2 ki B>
+

1 pl

{k2->—b2+4epz+ }/ | ExpandAll
Out[«]=

by ﬁ
2255 Gamma[ -k, - 3 € B1] Gamma[b2 -3€ B, -

B1 B1

b1 B, ki 132]
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In[«]:=
Series[ (Series[Gamma[-k; -3¢ B;], {€,0,1}, Assumptions—

{k; € Integers&&k; > 0 && k, € Integers&&k, >0} ] / / Normal)
—ky-b,

(Series[z'( B2

+c)

Gamma[_k2_3€BZ]9 {6,0’1},
Assumptions— {k; € Integers&&k; > 0&& k, € Integers&&k, = 0}] 11 Normal),

{€,0,-1},Assumptions— {k; € Integers&&k; > 0 && k, € Integers&&k; > 0}]

Out[«]=
b,y +ky

(_1)k1+k22 I

9kl!k2!ﬁlﬁ252

by ks
(1)K z5"% (Log[z] +3PolyGammal[O0,1+k;] 81 +3PolyGamma[0,1+k,] B)
9 (ki'tky! B1B2) €

+0[€e]?

In[«]:=
Series[Gamma[-k, -3¢ B,], {€,0,1},

Assumptions— {k; € Integers&&k; > 0&& k, € Integers&&k, 20} ] / / Normal

Out[«]=

(-1)% PolyGammal[0, 1 +k;] (-1)k
kz! 3Ek2!182

(-1)*% € (1> + 3PolyGammal0, 1 + k, 1% - 3 PolyGammal1,1+k;]) B2
2k, !

In[«]:=
b, ﬁ
Series[z3“ﬁ+ﬁ1 Gamma[-k; -3¢ B;] Gamma[-k, -3¢ 8,1, {€,0,-1},

Assumptions— {k; € Integers&&k; > 0&& k, € Integers&&k, > 0}] ! I Normal

Out[«]=
by +ky

(—l) ky+ksy 7 B

9€?ky ! ky! B B2

by ki
(-1)k+ke 75,5 (~Log[z] + PolyGammal[O0, 1 +k;] B, + PolyGamma[0,1+k,] B,)
3eki! ky! B1Ba
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In[«]:=

H

. el ke (by+ki+2€ B1) B
ReS|due[z s s Gammal[-k; - € B;] Gamma[bz - ]
B

-k;-b
{s, 1—1}, Assumptions— {k; € Integers&&k; > 0&& B; € Reals&& B; > 0}]
B

b ko
z°*% "5 Gamma[-k; - € B;] Gamma[-k; - € B, ]

In[«]:=

-k-b
Sum[Residue[z‘S Gammal[b; +s 8;] Gammal[b, +sf,], {s, 1},
1

Assumptions— {k e Integers&&k > 0&& B; € Reals&& ; >0} ], {k, 0, oo}] +

-k-b
Sum[Residue[z'S Gammal[b; +sB;] Gammalb, +s 8,1, {s, 2},
B2

Assumptions— {k e Integers&&k > 0&& B, € Reals&& B, >0} ], {k,0, oo}]

Series[z"*Gamma[b; +sB;] Gammal[b, +sB8,], {k,0,01}]



